Section 9-6: Heat Equation with
Differential Equations Non-Zero Temperature Boundaries

Question 3

For k, L, @ > 0, consider uniform internal heating with unequal fixed endpoints:
Ut = KUz +Q, u(0,t)=A, wu(L,t) =B, u(z,0) =4(z) == A+ (B — A)z/L.
You may use the sine expansion of a smooth zero-endpoint function.
Tasks
1. Determine the stationary field and find exactly when its maximum lies strictly inside the rod. Locate
that maximum.

2. Subtract the stationary field, compute the transient coefficients and construct the solution satisfying
the original linear initial profile.

3. Verify the reconstructed PDE and data, explain its initial and positive-time regularity, and check the
stationary heat-flux balance against the source integral.

4. For L=k=1,A=1, B=2, Q = 4, determine the stationary maximum and sketch the initial field,
the profiles at ¢ = 0.02,0.1, and the stationary field. Explain why the maximum may exceed both
boundary values.
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Section 9-6: Heat Equation with
Differential Equations Non-Zero Temperature Boundaries

Question 3 — Solution

Strategy. Subtract a stationary solution of the forced equation, not just the line joining its boundary values.

Step 1: Solve the stationary forced problem. The equation kS” + @ = 0 and the endpoint data give

Sz@—i—%x(l}—x).

It is strictly concave, with critical point z, = L/2 + k(B — A)/(QL). This is strictly interior exactly when
|B — Al < QL?/(2K). If equality holds, the maximum is at an endpoint; otherwise the maximum is at the
endpoint in the direction of the larger value.

Step 2: Construct the transient from the actual initial difference. For v = u — S, the PDE and
boundaries are homogeneous and v(z,0) = —Qz(L — x)/(2x). Two integrations by parts give the nonzero
coefficients —4QL?/(km3n?) for odd n. Therefore

_4Qr? Z e~ R /L’ gin(nra /L)
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Step 3: Check the PDE, trace and maintained fluxes. The transient solves the homogeneous heat
equation; kS” 4+ @ = 0 then verifies the forced equation for u. The transient vanishes at the ends. Summable
coefficients and Fourier convergence recover u(-,0) = ¢ uniformly. Gaussian decay permits differentiation for
t > 0. The initial linear profile has k¢ + Q = (@, inconsistent with a zero endpoint time derivative at an
initial corner, so full corner smoothness is not asserted. For js = —kS’, one has js(L) — js(0) = QL. Hence
the steady balance 0 = jg(0) — js(L) + QL accounts for all generated heat.

Step 4: Interpret the internally heated profile. In the example, S =14z 4 2z(1 — z), z. = 3/4
and S(z,) = 17/8. The final maximum exceeds both boundary values because heat is generated inside the
rod. The source-free maximum principle cannot be applied unchanged to this forced equation. The transient
decays uniformly toward the plotted stationary field.
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