Calculus III Section 6-6: Divergence Theorem

Question 8
For a constant a, let
Fo(z,y,2) = (az, 2y, 3z2).
The measured outward flux through the unit sphere is 247. Determine a.

Tasks

1. Express the divergence in terms of a.
2. Use the flux measurement and the unit-ball volume.

3. Verify the recovered value directly on the sphere.
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Calculus III Section 6-6: Divergence Theorem

Question 8 — Solution

Strategy. The divergence is constant, so the measured flux gives a linear equation for the unknown coeffi-
cient.

Step 1: Apply the theorem
V-F,=a+2+3=a+5.

The unit ball has volume 47/3, so

4
247 = (a + 5)%.
Therefore a + 5 = 18, and
a=13]|
b =247

\_

unit sphere

Step 2: Direct verification On the unit sphere, n = (z,y, 2), so with a = 13,

Fi3-n = 1322 + 2y° + 32°.
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By spherical symmetry,

Hence the direct flux is

(134 2+ 3)— = 24r.

Verification The recovered parameter reproduces the stated measurement by both methods.
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