Calculus III Section 6-3: Surface Integrals

Question 7

Let S be the entire boundary of the unit cube 0 < z,y,z < 1.
Tasks

1. Decompose S into its six planar faces.

2. Evaluate // (x+y+2)dS.
s

3. Find the average value of z 4+ y + z on the cube’s boundary and verify it by symmetry.
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Calculus III Section 6-3: Surface Integrals

Question 7 — Solution

Strategy. Pair opposite faces. Each pair produces the same contribution, avoiding six unrelated computa-
tions.

Step 1: Pair the z-faces On z =0, dS = dydz and

1o
/ / (y+2)dydz = 1.
0o Jo
11

/ /(1+y+z)dydz:2.
0o Jo

Thus the pair perpendicular to the xz-axis contributes 3.

On z =1,

six faces of the unit cube

Step 2: Use coordinate symmetry The cube and integrand are unchanged by permuting z,y, z. Con-
sequently, the two y-faces and two z-faces also contribute 3 apiece. Hence

//(x+y+z)d5:3+3+3:9.
S

Step 3: Average The six unit-square faces give area(S) = 6, so

9 3

Verification The map (z,y,2) — (1 —x,1 —y, 1 — 2) preserves the boundary and pairs values whose sum
is 3. Therefore their average is 3/2, confirming the computation.
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