Calculus III Section 5-2: Line Integrals — Part I

Question 10
A wire occupies the upper semicircle
2 +y* =R’ y>0,
and has density d(x,y) =1+ y/R, where R > 0.
Tasks

1. Find the wire’s mass.
2. Compute its moments about the z- and y-axes.

3. Determine its center of mass and check the result by symmetry and bounds.
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Calculus III Section 5-2: Line Integrals — Part I

Question 10 — Solution

Strategy. Parametrize by polar angle; symmetry immediately predicts that the center of mass lies on the
y-axis.

Step 1: Mass Let = Rcosf, y = Rsinf,0 <60 <m,s0ds= Rdf and 6 =1+ sinf. Then

M:R/ (1+sinf)df =| R(m + 2) |.
0

Y
greater density

+y/R

T

upper semicircular wire of radius R

Step 2: Moments The moment about the z-axis is

MI:/yéds:RQ/ sin f(1 + sin ) df
c 0

:R2(2+g).

For the y-axis,

My:R2/ cosf(1 +sinf)do = 0.
0

Step 3: Center of mass

oMy M, [Raid
T T VT M T 2y 2)
Thus
o R(mr+4)

Verification Left-right symmetry forces z = 0. Also 0 < (7 +4)/[2(7 +2)] < 1, 50 0 < § < R, placing the
center of mass inside the semicircle’s vertical range.
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