Calculus II1 Section 4-7: Triple Integrals in Spherical Coordinates

Question 9

Explain why spherical coordinates use

dV = p*sinpdpdep db,
then evaluate [[[, p~2dV on the shell 1 < p < 3.
Tasks

1. Derive the three local scale factors geometrically.
2. Evaluate the integral over the full shell.

3. Check the dimensional scaling and behavior near the origin.
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Calculus II1 Section 4-7: Triple Integrals in Spherical Coordinates

Question 9 — Solution

Strategy. Approximate a small spherical cell by a box with one radial side and two angular arc-length sides.

Step 1: Volume element The local side lengths are

dp, pdo, psin ¢ db.

pdo
azimuthal side psin ¢ df

dp
P

Their product is
(dp)(pde)(psin ¢ df) = p* sin ¢ dp de df.

Step 2: Apply

27 T 3
I:/ / / p 2p?singdpdep do
0 0 1

= (21)(2)(3 1) =[87].

Verification The shell excludes p = 0, so the integrand is bounded. Its units are length—2; multiplying by
volume produces length, matching the radial factor 3 — 1 in the result. Even if the inner radius tends to 0,
the radial integral remains finite: 4w fos dp = 127. Thus the singularity is integrable.
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