Calculus II1 Section 4-7: Triple Integrals in Spherical Coordinates

Question 7

Let
E={(z,y,2):2< a2 +y?+22<3, >0, y >z, 2 <0}

Tasks

1. Determine exact spherical bounds for FE.
2. Find its volume.

3. Verify the angular fractions geometrically.
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Calculus II1 Section 4-7: Triple Integrals in Spherical Coordinates

Question 7 — Solution

Strategy. Resolve the horizontal inequalities into a -wedge and the vertical inequality into a ¢-hemisphere.

Step 1: Angular bounds The conditions > 0 and y > z select 7/4 < 6 < /2. The condition z < 0
selects m/2 < ¢ < 7, while the shell gives 2 < p < 3.
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Step 2: Volume
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Verification The azimuthal wedge is (7/4)/(27) = 1/8 of a full turn, and z < 0 supplies half the polar
solid angle. Thus E occupies 1/16 of the full shell; indeed 54 (27 — 8) = 197/12.
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