Calculus II1 Section 4-7: Triple Integrals in Spherical Coordinates

Question 4

Let E be the upper half of the ball 22 + y? + 22 < 9.
Tasks

1. Use spherical coordinates to compute [[[,zdV.
2. Find the average height 2.

3. Check its geometric range.
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Calculus II1 Section 4-7: Triple Integrals in Spherical Coordinates

Question 4 — Solution

Strategy. Write z = pcos ¢ and use the upper-hemisphere bounds 0 < ¢ < /2.

Step 1: Geometry and integral

2n  pm/2  p3
I= / / / (pcos ¢)p*sin ¢ dp do df
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Step 2: Average height The hemisphere volume is V = %4%(33) = 187. Thus

I 9

Zavg = 7 = 5|

Verification Every point has 0 < z < 3, and 9/8 lies in that interval. The value is below the mid-height
3/2 because cross-sectional area is greatest near z = 0.
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