Calculus II1 Section 4-7: Triple Integrals in Spherical Coordinates

Question 1

Let E be the part of the spherical shell

1< Va2 +y2+22<3
in the first octant. Evaluate )
W =
E T2 +y? + 22
using spherical coordinates.

Tasks

1. Convert the region, integrand, and volume element.
2. Evaluate the integral.

3. Check the result using the integrand range and region volume.
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Calculus II1 Section 4-7: Triple Integrals in Spherical Coordinates

Question 1 — Solution

Strategy. A first-octant spherical shell has constant bounds in all three spherical variables, and the radial
integrand cancels one power of the Jacobian.

Step 1: Convert Using
x =psingcosh, y=psingsin€, z= pcosao,

the bounds are - -

and dV = p?sin ¢ dpdeo déb.

Step 2: Evaluate

[
w

Verification The shell-octant volume is § 4% (3% —1%) = 137/3. Hence the average integrand is I/V = 6/13,
which lies between its endpoint values 1/3 and 1.
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