Calculus III Section 4-4: Double Integrals in Polar Coordinates

Question 5

For a > 0, evaluate
// e~ (@) gA.
x2+y2<a?

Tasks

1. Convert to polar coordinates.
2. Evaluate as a function of a.

3. Find the limit as a — oo and verify monotonicity.
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Calculus III Section 4-4: Double Integrals in Polar Coordinates

Question 5 — Solution

Strategy. The exponent and disk are radial; use v = r? after including the Jacobian.

2 a
I(a) = / / e~ rdr do.
o Jo

Step 2: Evaluate With u = r2, du = 2rdr,

Step 1: Set up

I(a) = 27 {—;e-“r _|ra =]

Step 3: Checks Since I'(a) = 2rae~® > 0, enlarging the disk increases the integral. Also

lim I(a) =m|

a—r o0

The result approaches a finite limit because the exponential decay dominates the growing circumference.
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