Calculus III Section 1-9: Arc Length with Vector Functions

Question 8

Find the exact length of the semicubical parabola
r(t) = (t*,¢,0), 0<t<2.
Tasks
1. Factor the speed using the sign of ¢.

2. Evaluate the arc-length integral by substitution.

3. Explain why the zero velocity at ¢ = 0 does not make the length integral improper.

© 2026 Stem-Master.com, All rights reserved.



Calculus III Section 1-9: Arc Length with Vector Functions

Question 8 — Solution

Strategy. Factor ¢? from the squared speed and use ¢ > 0 before integrating.

Step 1: Speed
r'(t) = (2t,3t,0).

Hence

()]l = V422 + 9t
= /12(4 + 912)
= |t|\/4 + 9t2.

On [0,2], |t| =t, so the speed is tv/4 + 9¢2.

Step 2: Integrate Let u = 4+ 9t2, so du = 18t dt:
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Step 3: Endpoint regularity Although r'(0) = 0, the speed tv/4 + 9¢? is continuous at 0 and equals
zero there. A continuous integrand on a closed interval defines an ordinary proper integral; no singularity is
present.
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