Calculus III Section 1-9: Arc Length with Vector Functions

Question 2
A helix is parametrized by

r(t) = (5cost, Hsint, 12¢), 0<t<3m.
Tasks

1. Find its exact length.
2. Determine the length traveled during one complete revolution.

3. Explain why equal parameter intervals produce equal arc lengths here.
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Calculus III Section 1-9: Arc Length with Vector Functions

Question 2 — Solution

Strategy. Differentiate and look for constant speed.

Step 1: Speed
r'(t) = (=5sint,5cost, 12) .

Hence

It ()| = V25 sin2 ¢ + 25 cos? ¢ + 144

=25+ 144 = 13.

Step 2: Total length
397 |.

3
L:/ 13dt = 13[t]p"
0

Step 3: One revolution A complete revolution changes t by 27. Therefore

t+27
Lm:/ 13 du =261
t

Because the speed is the same constant 13 at every parameter value, an interval of width At always con-
tributes length 13At¢. Thus equal parameter intervals have equal arc lengths.

Verification. The interval [0, 3] contains 3/2 revolutions, and (3/2)(267) = 39, confirming the total.
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