
Calculus III Section 1-5: Functions of Several Variables

Question 6

Determine the exact range of

f(x, y) =
x2 − y2

x2 + y2
, (x, y) ̸= (0, 0).

Tasks

1. Prove upper and lower bounds.

2. Show every intermediate value occurs.

3. Describe the level sets f = c.
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Calculus III Section 1-5: Functions of Several Variables

Question 6 – Solution

Strategy Compare |x2 − y2| with x2 + y2, then solve the level equation.

Step 1: Bounds Since x2, y2 ≥ 0,
|x2 − y2| ≤ x2 + y2.

The denominator is positive off the origin, so −1 ≤ f ≤ 1.

Step 2: Endpoints and intermediate values On the x-axis, f = 1; on the y-axis, f = −1. For
−1 < c < 1,

(1− c)x2 = (1 + c)y2.

Choosing y = 1 and x =
√
(1 + c)/(1− c) realizes c. Hence

range(f) = [−1, 1] .

Step 3: Levels For −1 < c < 1, the level set is the pair of lines

y = ±
√

1− c

1 + c
x ,

with the origin removed. At c = 1 and c = −1, the levels are the punctured x- and y-axes.
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