Calculus II1 Section 1-3: Equations of Planes

Question 3

For a real parameter k, let
My : kx+2y —2=25, Y 2x—y+22="T.
Tasks
1. Find k if the planes are perpendicular.

2. Determine whether any k£ makes the planes parallel.

3. Find every k for which the acute angle between the planes is 60°.
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Calculus II1 Section 1-3: Equations of Planes

Question 3 — Solution

Strategy Plane orientation is controlled by the normals 7i; = (k,2, —1) and m = (2, —1, 2).

i1 (k)

ion from normals

Step 1: Perpendicularity Calculate
fig - m = k(2) +2(-1) + (-1)(2) = 2k — 4.
Perpendicular normals require 2k — 4 = 0, hence .

Step 2: Parallelism Parallelism would require (k,2,—1) = A(2,—1,2). From 2 = —\, A\ = —2; but the
third coordinate would require —1 = 2(—2) = —4, a contradiction. Hence ‘ no real k makes them parallel |.

Step 3: The 60° condition The angle formula gives

2k—4] 1
3Vk2+5 2

Cross-multiply and square:
202k — 4] = 3v/k? + 5 = 16(k — 2)> = 9(k + 5).
Expanding gives 16k% — 64k + 64 = 9k? + 45, so
Tk* — 64k +19 = 0.

The quadratic formula yields

L 64 + /642 —4(7)(19) 64 +18V/11
N 14 B ’

14

and therefore

k_32i9\/ﬁ

Verification Neither root makes the original denominator zero, and substitution into the unsquared equa-
tion gives the positive value 1/2, so no extraneous root remains.
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