Calculus II Section 4-16: Taylor Series

Question 1

Construct the Maclaurin series for e from its derivatives. Prove that it converges to e* for every real
x, and give a uniform Lagrange-remainder bound for the degree-N polynomial on |z| < 1.
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Calculus II Section 4-16: Taylor Series

Question 1 — Solution

Step 1: Compute the coefficients.

Every derivative of f(z) = e® is €%, so f((0) = 1. Hence

N 2" %) 2"
j— —_— € e JRS—
PN(x)_Z:n!7 B_Zn!'
n=0 n=0
Step 2: Bound the remainder.
Taylor’s theorem gives
B €C.I'N+l
Bn(z) = v

for some ¢ between 0 and z. If |z| < 1, then ¢ <1, so

e|a:|N+1

(N +1)!

(N+1)!|

[By(z)| < n

Step 3: Justify equality with the function.

For any fixed real z, ¢ < el*l and el*!|z|N+1 /(N + 1)! = 0 by the Ratio Test. Thus Ry(z) — 0 for
every x, proving the series represents e® on all of R.
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Calculus II Section 4-16: Taylor Series

Question 2

Derive the Maclaurin series for sinz from its derivative cycle. Explain why only odd powers occur,
give the degree-7 polynomial, and state the convergence domain.
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Calculus II Section 4-16: Taylor Series

Question 2 — Solution

Step 1: List the derivative cycle.
sinxz, cosx, —sinx, —cosx, sinz,...

At x = 0, the values are 0,1,0,—1,0,.... All even-order derivatives vanish, while the odd derivatives
alternate between 1 and —1.

Step 2: Form the series.

— (_1)nx2n+1

sinx = E

Wl
= (2n+1)!
The requested polynomial is
3 5 7
x x x
P7($) T — ? + g ?

Step 3: Establish convergence.

The absolute-value ratio of consecutive displayed terms is

xQ

(2n+2)(2n + 3) —0

for every fixed z. Taylor’s remainder is bounded by |z|™*!/(m + 1)! because all derivatives of sine
have magnitude at most 1, so it tends to 0. Thus the series equals sin z for every real .
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Calculus II Section 4-16: Taylor Series

Question 3

Derive the Maclaurin series for cosx from its derivative cycle. Explain why every odd coefficient
vanishes, give the degree-6 polynomial, and state the convergence domain.
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Calculus II Section 4-16: Taylor Series

Question 3 — Solution

Step 1: Evaluate the derivative cycle at zero.
cosx, —sinx, —cosx, sinz,...

gives values 1,0, —1,0,1,... at 0. Therefore every odd-order coefficient is zero, and the even coefficients
alternate in sign.

Step 2: Write the series and polynomial.

o (_l)nw2n $2 1.4 1.6

cosxzzzo en) | P6($):1_§+ﬂ_a'
n=

Step 3: Justify convergence to cosine.

Consecutive absolute terms have ratio

(132

2n+1)(2n+2)

— 0,

so the series converges for all z. Since every derivative of cosine has magnitude at most 1, the Lagrange
remainder is at most |z|™*1/(m 4 1)! — 0. Hence the series equals cos z on (—00, o).
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Calculus II Section 4-16: Taylor Series

Question 4

Derive the Maclaurin series for log(1 + x) by integrating a geometric series. Give its first five nonzero
terms and determine its exact interval of convergence.
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Calculus II Section 4-16: Taylor Series

Question 4 — Solution

Step 1: Expand the derivative.

For [t| < 1,

Step 2: Integrate from 0 to x.

10g(1+x)zzn7+1: Z(_l)nx

The first five nonzero terms are

Step 3: Determine endpoints.

The interior radius is 1. At x = 1, the alternating harmonic series converges to log2. At x = —1, the
series becomes — > 1/n and diverges.

Conclusion.

The interval is | (—1,1] |
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Calculus II Section 4-16: Taylor Series

Question 5

Obtain the Maclaurin series and degree-4 Taylor polynomial for e?* by substitution into the series for
e". State the convergence domain and justify it.
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Calculus 11

Section 4-16: Taylor Series

Question 5 — Solution

Step 1: Start with the parent series.

(u € R).

ooun
u -
¢ _va
n=0
Set u = 2zx:
o0
2 (Qm)n
c _Z n!

n=0

n=0

27 g™

n!

Step 2: Extract the requested polynomial.

Fﬁ(x)

Step 3: Check convergence.

For a, = (2z)"/n!,
an+1
Qn

2|z|
n+1

3

4 2
=142z +22%+ —2% + =24

3

—0

for every real x. Hence the radius is infinite and the series represents e?* on all of R.
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Calculus II Section 4-16: Taylor Series

Question 6

Use coshx = (e” + e~ ) /2 to derive its Maclaurin series. Explain why all odd powers cancel, give the
degree-6 polynomial, and state the convergence domain.
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Calculus II Section 4-16: Taylor Series

Question 6 — Solution

Step 1: Expand both exponentials.

o 00
T __ z" —x __ (_l)nxn
e’ = E — e ¥ = E —

"0 n. =0 n.

When the series are added, odd-power coefficients cancel and even-power coefficients double.

Step 2: Divide by two.

0 2n 2 4 6
X X X X
COSh"’“:nZ_O P AR RTINS

Step 3: State convergence.

Both exponential series converge absolutely for every real x, so their sum and scalar multiple do also.
Thus the Maclaurin series for cosh x has infinite radius and represents the function on (—o0, ).
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Calculus II Section 4-16: Taylor Series

Question 7

Derive the Maclaurin series for ze® by multiplying a known series by x. Give two equivalent index
forms, the first five nonzero terms, and the convergence domain.
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Calculus II Section 4-16: Taylor Series

Question 7 — Solution

Step 1: Multiply the exponential series.

0o 00
- " xn—l—l
re =z Z | - Z |
mn. .
n=0 n=0

Multiplication by x raises every exponent by one but leaves the coefficient denominator tied to the
original index.

Step 2: Reindex if powers 2* are preferred.
Set k =n+ 1:
T _
re = Z (k—1)!
k=1
The first five nonzero terms are
) 3 g4 5
xr—+x°+ 5 + F + ﬂ

Step 3: State convergence.

Multiplying an everywhere-convergent series by x does not change its infinite radius. Therefore the
identity holds for every real x.
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Calculus II Section 4-16: Taylor Series

Question 8

Derive the Maclaurin series for f(x) = 1/(1 — x) from Taylor coefficients, then connect it with the
finite geometric-sum identity. Determine the exact interval of convergence.
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Calculus II Section 4-16: Taylor Series

Question 8 — Solution

Step 1: Compute Taylor coefficients.

Repeated differentiation gives

n!

@) = () =

(1—az)ntl’

Thus the Maclaurin coefficient is £ (0)/n! = 1, and

Step 2: Verify using finite sums.

1— N+1
Sy=ldat-tal=""T
11—z

If |z| < 1, then N*1 — 0, so Sy — 1/(1 — x). This proves the Taylor series and geometric identity

are the same construction.

Step 3: Check endpoints.

At x = 1 the terms are 1; at £ = —1 they alternate between 1. Both diverge by the nth-term test.

Conclusion.

R =1 and the interval is | (—1,1) |
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Calculus II Section 4-16: Taylor Series

Question 9

Use the generalized binomial coefficients to find the first four nonzero terms of the Maclaurin series
for v/1 4+ x. State the radius and determine convergence at both endpoints.
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Calculus II Section 4-16: Taylor Series

Question 9 — Solution

Step 1: Use the binomial pattern.

T LI (3 e RS

n=0

()0 ()5 ()= (9)-

2 3 4
r T 5x
V1 — 14+ T
+z +2 8+16 128+

With o = 1/2,

Therefore

Step 2: State radius and endpoints.

The binomial series has R = 1. Its coeflicients have magnitude asymptotic to a constant times n=3/2,
so it converges absolutely at both x =1 and x = —1.
Conclusion.

The interval is | [—1,1] |, with sums v/2 and 0 at the endpoints.
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Calculus II Section 4-16: Taylor Series

Question 10

Use complex exponentials to find the first four nonzero Maclaurin terms of e” cosx. Give a general
coefficient formula and state the convergence domain.
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Calculus II Section 4-16: Taylor Series

Question 10 — Solution
Step 1: Encode the product as a real part.

e’ cosz = Re (e:”eix) = Re (e(lﬂ)z) )

Step 2: Expand the complex exponential.

oo

c N Zo n! ’
n—=

so the real coefficient of ™ is Re((1 +4)")/n!. Since 1 + 14 = /2e"™/4,

o0
22 cos(n /4)
T n
e’ cosT = E )

n=0

Step 3: Extract nonzero terms.

The 22 coefficient vanishes. The first four nonzero terms are

1+ A bt cal
- —— next term — — |.
T3 T exb e 30

The factorial denominator gives infinite radius, so the series represents the function for every real x.

© 2026 Stem-Master.com, All rights reserved.



