Calculus 11 Section 2-2: Surface Area

Question 1

Curve: y=zonl <z <3.
Axis of rotation: the z-axis.
Task: Find the lateral surface area, then verify the result with the frustum formula.

)
y=x
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Calculus 11 Section 2-2: Surface Area

Question 1 — Solution

Y

A

il -

Step 1: Differentiate and find ds.

y =1, ds = /1+ (y)2dz = V2dz.

Step 2: Apply the surface-area formula.

3
S:27T/ yds
1

3
:271'/ V2 dx
1

3

2
=2mV/2 {x}
2
=71v2(9 - 1) = 87V2.
Step 3: Verify with the frustum formula. The radii are r; = 1 and ro = 3. The slant height is

s=/(B-1)2+(B-1)2=2V2

Therefore,

S =n(ry +ra)s = w(1+3)(2v2) = 87V2.
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Calculus 11 Section 2-2: Surface Area

Question 2

Curve: y=24coszon 0 <z <.
Axis of rotation: y = —1.
Task: Set up, but do not evaluate, the surface-area integral.

Y

A

y=24cosx
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Calculus 11 Section 2-2: Surface Area

Question 2 — Solution

Step 1: Find the radius. The radius is the vertical distance from the curve to the axis y = —1:
r=(24cosz) — (—1) =3+ cosx.
Step 2: Find the arc-length factor.

/

y = —sinz, ds = /1 +sin® z d.

Step 3: Substitute into S = 27 [rds.

S = 27?/ (3 +cosz)V1+sin® zdz
0
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Calculus 11 Section 2-2: Surface Area

Question 3

Curve: y=+vV4—220on0<z<2.
Axis of rotation: the z-axis.
Task: Identify the resulting surface and find its area.

Y
1‘2+y2:4
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Calculus 11 Section 2-2: Surface Area

Question 3 — Solution

Step 1: Identify the surface. The curve is the upper-right quarter of the circle z2 + y? = 4. Rotating it
about the z-axis produces a hemisphere of radius (2).

Step 2: Differentiate.
x
/

e

Step 3: Simplify the arc-length factor.

.7}2
VIFW)P2 =1+ ——
+(y') t i
1 2

1—a2 VA= 2
Step 4: Calculate the surface area.

2
S = 277/ yv/ 1+ (y)?dx
0

2
2
=27 Va4 — 22— dx
/0 V4 — 2
2

:47r/ dr = 8.
0

‘hemisphere, S = 87r‘
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Calculus 11 Section 2-2: Surface Area

Question 4

Curve: y=+/ronl <z <4
Axis of rotation: the y-axis.
Task: Find the exact surface area.
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Calculus 11 Section 2-2: Surface Area

Question 4 — Solution

Step 2: Set up and simplify.

S A
S:27r/ A1+ —dzx
1 41‘
4
:7r/ Va(dx + 1) de.
1

Step 3: Substitute v = 8z 4+ 1. Then

dx:d%, va(dx + 1) \/

Thus

33
S:% vVu? —1du.
9

Step 4: Integrate and return to z.

/\/u2fldu: (uVuQ—lfln(qu\/qul)).

1
2

Therefore,

4
S=m

ot DVt D) Ly (54 14 42007 1)

16

1
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Calculus 11 Section 2-2: Surface Area

Question 5
Curve: y =z on 0 <z < a, where a > 0.

Axis of rotation: the z-axis.
Task: Find a so that the generated surface area is 97m/2.

A y=x

[« ) -
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Calculus 11 Section 2-2: Surface Area

Question 5 — Solution

—

J@
IS

~

Step 1: Find the arc-length factor.

y =1, 1+ ({y)2=V2
Step 2: Write and evaluate the area.
S = 27r/ yv/ 1+ (y)2dx
0
= 27r/ V2 dx
0
27
=212 {2} = mV/2d°.
0

Step 3: Set the area equal to 97v/2 and solve.

m™/2a% = 9nV/2,
a? = 9,
a=3
because a > 0.
a=3
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Calculus 11 Section 2-2: Surface Area

Question 6

Curve: y=22on0<z <1.
Axes of rotation: first the xz-axis, then the y-axis.
Task: Write both surface-area integrals and determine which is larger without evaluating either integral.

Y
A Yy=x

1
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Calculus 11 Section 2-2: Surface Area

Question 6 — Solution

about the y-axis
N\

about the z-axis

Step 1: Find the common arc-length factor.

y = 2z, ds = \/1+ 4x2dx.

Step 2: Rotate about the z-axis. The radius is y = 2%

1
&ZQT/IKHIZEM.
0

Step 3: Rotate about the y-axis. The radius is z:

1
%:%/zﬁ:@%m
0
Step 4: Compare the integrands. For 0 < xz < 1,
x>z

Multiplying by the positive common factor 2mv/1 + 422 preserves the inequality. Therefore,

555]
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Calculus 11 Section 2-2: Surface Area

Question 7

Curve: y=1/zonz > 1.
Axis of rotation: the z-axis.
Task: Determine whether the generated surface has finite area.

Y
A

y=1/x
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Calculus 11 Section 2-2: Surface Area

Question 7 — Solution

Y

A

infinite horn
7 —> T — 00
:: u L > T
\ \
\ i

Step 1: Differentiate and set up the improper integral.

Thus

*1 1
S:27r/ f\/1+—4dx.
1z T

Step 2: Find a lower comparison. Since

Vit >1,

we have 1 )
-1+t > —.
T x

Step 3: Test the comparison integral.

/ d—x: lim Inb = 0.
1

X b—o0

By direct comparison, the surface-area integral diverges.

’ S = oo (infinite surface area) ‘
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Calculus 11 Section 2-2: Surface Area

Question 8

Curve: y=+vVR2—-220ona <z <b, where R>0and —R<a<b<R.

Axis of rotation: the z-axis.

Task: For fixed R, show that the surface area depends only on the zone height h = b — a.
Y
A y=+VR? 22

QF---—----

b
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Calculus 11 Section 2-2: Surface Area

Question 8 — Solution

spherical zone ‘:{

> T
Step 1: Differentiate. .
V=R
Step 2: Simplify the arc-length factor.
VITWPR= 1+ 50—
_ Rz R
R?2 —z? /R? 3%
Step 3: Calculate the surface area.
b
S = 271'/ ymda:
ab .
= 27r/a \/ﬂ\/ﬁ dx

b
= 27rR/ dzx

=21R(b— a) = 27 Rh.

S =271R(b—a) =27Rh
| |
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Calculus 11 Section 2-2: Surface Area

Question 9

Parametric curve: z =12, y=1+13/3, for 0 <¢ < 1.
Axis of rotation: the z-axis.
Task: Set up, but do not evaluate, the surface-area integral.

Y

A

t:9/
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Calculus 11 Section 2-2: Surface Area

Question 9 — Solution

Step 1: Differentiate both coordinates.

dx dy 9
— =2t — =1".
dt ’

Step 2: Find the parametric arc-length factor.

dz\? dy 2
ds_m) oy

=42 +t4dt
=t\V4+t2dt
because t > 0.
Step 3: Use radius y =1+ t3/3.
1
S = 277/ yds
0
1 43
:277/ <1+3> 4+ t2dt
0
1 4
:277/ <t+3> V4 -+ 2 dt.
0
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Calculus 11 Section 2-2: Surface Area

Question 10

Given: A cylinder has radius r, height h, and fixed lateral area A.
Tasks: Solve for h, find the total area including both circular ends, and then analyze the limit as » — 0F.

h

A

© 2026 Stem-Master.com, All rights reserved.



Calculus 11 Section 2-2: Surface Area

Question 10 — Solution

Y
A 2rrh = A

h

Step 1: Solve the lateral-area equation for h.

2nrh = A,
A

o
Step 2: Add the two circular ends. Each end has area 712, so
Siota] = A + 2712,
Step 3: Take the limit as r — 0.

lim Siptar = lim (A +277r%) = A,
r—0+

r—0+
lim h= lim — =00
r—0t r—0+ 27r
Stotal — A, h — o0 ‘
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