Calculus II Section 1-5: Integrals Involving Roots

Question 1

Use u = /7 to evaluate
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Calculus II Section 1-5: Integrals Involving Roots

Question 1 — Solution

Step 1: Substitute u = /2. Then
r =u?, dx = 2u du.

Step 2: Rewrite the integral.

/ dx 2u d

= u.
14/ 1+u
Step 3: Divide the numerator.

u (u+1)—1 1

= =1- .
u—+1 u+1 u+1

Step 4: Integrate and return to z.

2/(1 ! >du2u21nu+1|+C’
u+1
=2yx —2In(1+ Vx) + C.

2V —2n(1 + ) + C|
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Calculus II Section 1-5: Integrals Involving Roots

Question 2

Use u = x + 2 to evaluate:

/x\/x+2d:1c.
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Calculus II Section 1-5: Integrals Involving Roots

Question 2 — Solution

Step 1: Substitute u = x + 2. Then

Step 2: Rewrite and expand the integrand.

/x\/mm::/(u—Q)ul/Qdu

= / <u3/2 — 2u1/2) du.

Step 3: Integrate each power.

ub/2 w32
T— c
52 32
2 4
— 5u5/2 _ *US/Q + C

Step 4: Substitute u =z + 2.
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Calculus II Section 1-5: Integrals Involving Roots

Question 3

Find the geometric area between y = &z and the z-axis on [—1, §].
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Calculus II Section 1-5: Integrals Involving Roots

Question 3 — Solution

Step 1: Split at the a-intercept. The function is negative on [—1, 0] and positive on [0, 8], so

0 8
A:—/ x1/3dx+/ 213 dx.
—1 0

4/3 3
1/3 o — T _ 9 4/3
/x T 173 4x

Step 2: Find an antiderivative.

Step 3: Evaluate both pieces.
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Calculus II Section 1-5: Integrals Involving Roots

Question 4

Rationalize the integrand and evaluate

| s

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-5: Integrals Involving Roots

Question 4 — Solution

Step 1: Multiply by the conjugate.

1 B 1 Ve 1+
Vitl-vz Votl-vaz Vetl+yz
_Vrti+Ve
(z+1)—=x
=Vr+1+x

Step 2: Integrate both terms.

I:/(x+1)1/2dx+/x1/2dx

(x+1)32 232
= C
32 32 "

2 2
= g(fﬂ + 1)3/2 + 51'3/2 + C

2 2
S+ 1)3/2 4 §x3/2 +C
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Calculus II Section 1-5: Integrals Involving Roots

Question 5

Evaluate
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Calculus II Section 1-5: Integrals Involving Roots

Question 5 — Solution

Step 1: Substitute u = /2. Then

r =u?, dx = 2u du.
Step 2: Rewrite the integral.
/ Ve dx = ad (2u du)
1+z 1+ u2
2
U
=2 | ——du.
/ 14+ u? b
Step 3: Divide the numerator.
v (14w -1 1
14w 1442 1+u?’

Step 4: Integrate and return to z.

1
I=2((1-——
/( 1+u2>du

= 2u — 2arctanu + C
= 2y/x — 2arctan vz + C.

’2f—2&rctan\/5+0‘
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Calculus II Section 1-5: Integrals Involving Roots

Question 6

Find a > 0 so

/ Vrdr = 18.
0
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Calculus II Section 1-5: Integrals Involving Roots

Question 6 — Solution

Step 1: Evaluate the definite integral.

/\/de:/ 22 dx
0 0

B 13/2 a
- 13/2],
2 450" .
_ 282 _ 282
3 0 3
Step 2: Set the result equal to 18 and solve.
2
§a3/2 = 18,
a’/? =27,

(a3/2)2/3 = 272/37

a=(V271)?=3=09.
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Calculus II Section 1-5: Integrals Involving Roots

Question 7
Evaluate

/ dx
using u = /x + 1.
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Calculus II Section 1-5: Integrals Involving Roots

Question 7 — Solution
Step 1: Substitute u = /z + 1. Then

w =z +1, r=u—-1, dz = 3u? du.

3u? du U
[= [ 2 g Y g,
/(u3—1)u /u3—1 “
ud—1=(u—1)(u?+u+1).

Step 2: Rewrite and factor.

Step 3: Use partial fractions.
3u A Bu+C

u3—1:u—1+u2+u+1'

After clearing denominators,
3u=A(w?* +u+1)+ (Bu+C)(u—1).

Matching coefficients gives
A+ B =0, A—-—B+C =3, A-C=0,
so A=1, B= -1, and C = 1. Therefore,

3u 1 n —u—+1
wW—1 wu—-1 w2+u+1’

Step 4: Prepare the quadratic term.

1 3
—u+1l=—-=(2u+1)+=.
u + 5(2ut+ 1)+ 3

du 1 2u+1 3 du
I= S . L S YA
u—1 2J) uw2+u+1 2] w24+u+1

*+u+1 41 2+3
u u =lu - —.
2 4

Thus

Complete the square:

Step 5: Integrate and return to z.

1 2 1
I= 1n|u—1|—21n(u2+u+1)+\/§arctan( u\/—g )—l—C,

where ©v = Jz + 1.

1 2 1
ln|u—1—2ln(u2+u+1)+\/§arctan< u\/g )—i—C
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Calculus II Section 1-5: Integrals Involving Roots

Question 8
Evaluate
/1 dz
0o VTtV

using a substitution that clears both radicals.

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-5: Integrals Involving Roots

Question 8 — Solution
Step 1: Choose a power that clears both radicals. Since lem(2,3) = 6, let # = u5. Then
Vz =u?, Y =u?, dr = 6u® du.

The bounds remain 0 and 1 because v = 2'/%. Step 2: Rewrite and simplify.

5

1
o u’+tu

1 5 1 3
o s [
o u(u+1) o u+1

Step 3: Divide the polynomials.

Step 4: Integrate and evaluate the bounds.

1
1
I:6/0 (uz—u—l—l—m)du

1
3 u2

6[1;—2+u—1n(u+1)}

0

1+11n2>

(53
(

2—1n2> =5—6In2.

6

6

I=5-6In2
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Calculus II Section 1-5: Integrals Involving Roots

Question 9

Differentiate F'(x), then identify the substitution used to integrate F'(z):

F(z)= %(1 + 22)%/2,
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Calculus II Section 1-5: Integrals Involving Roots

Question 9 — Solution

Step 1: Differentiate with the chain rule.

2 3
F@ﬁzg-;1+ﬁﬂ“ (2x)

=2zvV 1+ 22
Step 2: Reverse the process by integration.

/2:3\/ 1+ 22dx.
Let

w=1+z2, du = 2x dzx.

Then

/23:\/1+x2dx=/u1/2du
w32
=——4+C
32+

:§u+ﬁﬁﬂ+a

/2xmdm =F(z)+C
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Calculus II Section 1-5: Integrals Involving Roots

Question 10

Use one substitution to evaluate:

/ r+1
—_—dx
Va2 + 2245
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Calculus II Section 1-5: Integrals Involving Roots

Question 10 — Solution
Step 1: Substitute the expression inside the square root.
u=x>+ 2z +5.

Differentiate: )
du=(20+2)dr =2a+1)ds,  (z+1)do = du.

Step 2: Rewrite the integral.

r+1

—_—dx
vVaz+2zx+5

1
= §/u_1/2 du.

1 [ul/?
[=—-—|—

> (i) e
=u'2+C

=Vz2+2z+54+C.
Vaz+2x+54+C

I =

Step 3: Integrate and return to z.
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