Calculus II Section 1-3: Trigonometric Substitution

Question 1

Evaluate the integral both geometrically and analytically:

/ Va2 — z2dx, a> 0.
0
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Calculus II Section 1-3: Trigonometric Substitution

Question 1 — Solution

a
x

(7]

va? — x?

Geometrically, y = Va2 — 2 is the upper semicircle 22 4+ y? = a%. On 0 < z < a, the region is one quarter
of a disk of radius a. Hence its area is

1
I = 17'('012.

For an analytic verification, let
T = asinb, dx = acosfdf.

Since 0 < x < a, the new bounds are 0 < § < 7/2. Also,

\/a2—x2:\/a2—a2sin29

= acosf,
because cosf > 0 on this interval. Therefore,

/2
I = a2/ cos? 6 do
0

2

a w/2
:—/ (14 cos20)do
2 Jo
2 /2 2
= [oegama| =T
2 0
Thus both methods give
a 2
/ @2 —z2de =~
0 4
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Calculus II Section 1-3: Trigonometric Substitution

Question 2

Evaluate using a trigonometric substitution:

22
/ T
V25 — x2

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-3: Trigonometric Substitution

Question 2 — Solution

V25 — x2

The radical has the form Va2 — x2, so let
x = 5sinb, dx = 5cosfdb.

Choose —m/2 < § < /2, so cosf > 0. Then

V25 — 22 = /25 — 25sin2 0 = 5 cos .

Substitution gives

25sin” 6
I=[] —
/ E ool (5cos 6 df)

= 25/sin2<9d9

2
= ?5 (1 — cos20)do

25 25

Since 6 = arcsin(z/5) and

sin 20 = 2sinf cosf = 2(

z\ (V25— a2
D)

we obtain

2
7= 2 aresin (f) . 2\/25—3324—0 .

2 5
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Calculus II Section 1-3: Trigonometric Substitution

Question 3

Find the total area under
y=(a*+9)

on 0 <z <.
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Calculus II Section 1-3: Trigonometric Substitution

Question 3 — Solution

x2+9
x
0
3
The required area is the improper integral
b
d
I= lim e

babe Jy (@2 1+ 9)2

Let = 3tanf. Then
dx = 3sec? 0 db), (22 +9)%/2 = 27 sec® 0.

The bounds transform as x = 0= 60 =0 and x — oo = 0 — w/2. Thus,

1 71'/2
[:,/ cos 0 df
0

9

1
= 5 [Sin 9]3/2
_1

The integrand is positive, so this convergent improper integral equals the geometric area. Therefore,

I==|
9
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Calculus II Section 1-3: Trigonometric Substitution

Question 4

Evaluate using a trigonometric substitution:

dx
22v/22 — 16

x> 4.
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Calculus II Section 1-3: Trigonometric Substitution

Question 4 — Solution

22 — 16

Because the radical has the form vz2 — 16, let
x = 4sech, dx = 4secOtanfdb.

Since z > 4, take 0 < 6 < 7/2. Then

\/962 —16 = \/1656029— 16 = 4tané.

Therefore,

/ 4secttan 6 db
I = (

16sec? 0)(4tan0)
1
=16 cosf df
-l 0+C
= 150 :
From the reference triangle,
2 _
secﬁzg, sin@zu.
4 T
Hence,
22 — 16
I=—+4+C|
16x +

Differentiation recovers 1/(z%vx2 — 16).
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Calculus II Section 1-3: Trigonometric Substitution

Question 5

Complete the square, choose an appropriate trigonometric substitution, and evaluate

/ dzx
V8r — 22
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Calculus II Section 1-3: Trigonometric Substitution

Question 5 — Solution

1 r—4
0
16 — (z — 4)2
Complete the square inside the radical:
8 — a2 = —(2® — 8x)
= —((z —4)* — 16)
=16 — (v — 4)2

Let
x—4 =4sinf, dx = 4 cosfdb.

Choose —7/2 < 6 < 7/2, s0 cos@ > 0. Then

16 — (z — 4)2 = V16 — 16sin” 9

=4 cos0.

Thus

)

I_/4cos9do9
a 4 cost

:/d9:9+C.

Since sinf = (x —4) /4,

I = arcsin <x4—4> +C|

This formula applies on intervals inside 0 < x < 8, where the radical is real and nonzero.
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Calculus II Section 1-3: Trigonometric Substitution

Question 6

Evaluate

/\/m2+4daz

using trigonometric substitution, and verify the result by differentiation.

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-3: Trigonometric Substitution

Question 6 — Solution

2+ 4

Let x = 2tan6, with —7/2 < 6 < 7/2. Then

dz = 2sec?0db, V2 +4=2sech.

Therefore,
I= 4/sec30d0.

Using [ sec®0df = L (sectan + In|sec6 + tan6)|),
I =2secftanf + 21n|secl + tan 6| + C.

Now tanf = x/2 and sec = v/22 + 4/2. Hence,

Vaz 44
IT=2z2+44+2In TVt +4 +C

2

ols R

Vaz+4+2ln|e+ Va2 +4|+C,

where —21n 2 is absorbed into C. Thus,

I:g\/$2+4+21n z+Vz24+4|+C|

Differentiating and simplifying gives I’ = v/z2 4 4, as required.
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Calculus II Section 1-3: Trigonometric Substitution

Question 7
For
/ dx
Va2 +9’
two substitutions are proposed: x = 3tanf and z = 3sinf. Select the efficient substitution, explain the
identity it uses, and evaluate the integral.
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Calculus II Section 1-3: Trigonometric Substitution

Question 7 — Solution

22+ 9

Choose
[z =3tan6]

This substitution uses 1 + tan? 6 = sec? 6:
22 4+9=9tan20+ 9 = 9sec? 4.
Taking —7/2 < 0 < w/2 gives secf > 0, so

dx = 3sec? 6 db, Vx2+9=3sech.

. 2
I:/ 3sec edﬁ
3sech

= /sec@d0:1n|se(:0+tan9\ +C.

Hence,

Since tanf = x/3 and secf = vz2 + 9/3,

I=1In

Va2 +9
x+33:+ e

=In|z+ V22 + 9]+ C.

The constant —1In 3 is absorbed into C. Thus,

=Injz+ Va2 +9|+C|

/ dx
V219

The sine substitution does not turn z2+9 into a single squared trigonometric function, so it does not simplify
the radical.
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Calculus II Section 1-3: Trigonometric Substitution

Question 8

Evaluate the definite integral exactly:

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-3: Trigonometric Substitution

> vVaz -9
(2
3

x = 3secH, dx = 3secHtanddb.

Question 8 — Solution

Let

For z > 3, take 0 < 6 < w/2. Then

V2 —9=3tan.

Transform the bounds:
3 3
r=3=secl=1=0=0, I:5:>6089:g:>9:aI‘CCOS Ik

Thus,

Ts0c0 (3sechtanb)df

arccos(3/5)
= 3/ tan? 0 df
0

= 3[tan 6 — gJ5roe /D).

arcc (,5(3/5) 3 an 9
l = /
0

At the upper bound, a 3-4-5 triangle gives tan = 4/3. Therefore,

4 3
I1=3 (3 — arccos <5>>
3
=4-3 - .
arccos <5>

I =4 — 3arccos <§) .

Hence,
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Calculus II Section 1-3: Trigonometric Substitution

Question 9

For a > 0, derive the antiderivative

dzx
(a% + 22)3/2°
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Calculus II Section 1-3: Trigonometric Substitution

Question 9 — Solution

Let
r =atanb, dz = asec? 6 do.

Since a > 0, choose —m/2 < 6 < 7/2. Then

(a® +22)3/? = (a® + a” tan? 0)3/2

= (a%sec? 0)*/? = a®sec® 0.
Therefore,
asec? 0
I= | ——df
/ a3 sec3 0

= %/cos@d&
a
1

= —sinf +C.
a

From a reference triangle,

tanf = = sinf = ——o

a’ /a2 + 22
Thus,
[
a2va? + 22 '

Indeed,

d x 1
dz <a2\/m> (e + 223/

which verifies the result.
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Calculus II Section 1-3: Trigonometric Substitution

Question 10

Use a trigonometric or hyperbolic substitution to evaluate

/ Va2 —1
T

x> 1.
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Calculus II Section 1-3: Trigonometric Substitution

Question 10 — Solution

Because z > 1, let
x = secH, O<0<g.

Then
dx = secf tan 6 db, Vx2—1=tan.

Substitution gives

I= / tan%(sec@tan@)d@

sec?
tan® 6
_/ sec 6 d9
29 _
:/SGC 0 1d6‘
sec

= /(se09 — cos ) db

=In|sec + tanf| — sinf + C.

Back-substitute using
2 —1
secl = x, tanf = V22 — 1, sin = ———.
T

Since = > 1, the logarithm’s argument is positive. Therefore,

I (V1) - Y Lo
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