Calculus II Section 1-10: Numerical Integration

Question 1

Given

f(O):l, f(l):27 f(2):57 f(3):107 f(4):177

use Ty to approximate f04 f(z)dx.
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Calculus II Section 1-10: Numerical Integration

Question 1 — Solution

Step 1: Find the subinterval width.

- b—a _ 4-0 1
n 4
Step 2: Write the trapezoidal formula.
h
Ty = 5 [f(xo) +2f(21) + 2f(22) + 2f(23) + f(z4)].

Step 3: Substitute the table values.
1
T, = 5[1 +2(2) +2(5) +2(10) + 17]
1
= 5[1+4+10+20+17}

L52) = 2.

2
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Calculus II Section 1-10: Numerical Integration

Question 2

Use M, to approximate

Give the exponential form and a decimal.
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Calculus II Section 1-10: Numerical Integration

Question 2 — Solution

Step 1: Find the width.

Step 2: Find the four midpoints.
0.25, 0.75, 1.25, 1.75.

Step 3: Apply the midpoint formula.

4

My =hY_ f(m)

=1
—05 ((3—(0-25)2 4 (0157 4 —(125)7 e—(1.75)2) .

Step 4: Evaluate.
M, ~ 0.88278895.

M, ~ 0.8828
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Calculus II Section 1-10: Numerical Integration

Question 3

Use Simpson’s Rule with n = 4 to approximate

2
/ V1+ z3dx.
0
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Calculus II Section 1-10: Numerical Integration

Question 3 — Solution

Step 1: Find the width and nodes.

h= 24;0 =05, ;=0,05,1,1.5,2.
Step 2: Evaluate f(x) =1+ 5.
F0) =1, £(0.5) = VI.125, F(1) = V2,
F(1.5) = V4.375, £(2) = 3.

Step 3: Apply Simpson’s Rule.

Si = 5 1(0) +4£(05) +2/(1) + 4/(15) + S (2)]

3
0.5

-3 [1 4 A4VT25 + 2V2 4+ 4VA3T5 + 3]

~ 3.23961135.

Sy ~ 3.2396
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Calculus II Section 1-10: Numerical Integration

Question 4

For increasing f, explain why

b
Lng/ f(z)dz < R,.

Then bound fol e® dx using n = 2.
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Calculus II Section 1-10: Numerical Integration

Question 4 — Solution

Step 1: Justify the inequality. On each subinterval, an increasing function satisfies
flwica) < f(@) < flai).
Multiplying by Az > 0 and adding over all subintervals gives

b
Ly, S/ f(x)dr < R,,.

Step 2: Find the width and nodes.

1-0 1
AI:T:§7 x0:O71‘1:§,I2:1-
Step 3: Compute both sums.
1 1 1/2
L2:§[f(0)+f(1/2)]:§(1+e ) ~ 1.3244,
1 1
Ry = S[f(1/2) + F(1)] = 5(e!/? + €) ~ 2.1835.

Step 4: State the bound.

1
1.3244 < / e“dr < 2.1835
0
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Calculus II Section 1-10: Numerical Integration

Question 5

2 . . . .
For fo z* dz, determine whether T}, and M,, are overestimates or underestimates. Use concavity.
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Calculus II Section 1-10: Numerical Integration

Question 5 — Solution

Step 1: Determine concavity. For f(z) = 2*,

f(x) = 4a3, f(x) = 1222

On [0,2], f”(x) > 0, so the graph is concave up.
Step 2: Interpret the trapezoidal approximation. For a concave-up function, each secant line lies
above the graph. Therefore,
2
T, > / zt dx.
0

Step 3: Interpret the midpoint approximation. For a concave-up function, midpoint rectangles lie
below the graph on average. Therefore,

2
M, < / ztdx.
0

]Tn>1, Mn<1\
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Calculus II Section 1-10: Numerical Integration

Question 6

How large must n be for T;, to approximate

1
/ e’ dx
0

within 10747 Use |f"(x)| <e.
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Calculus II Section 1-10: Numerical Integration

Question 6 — Solution
Step 1: Write the trapezoidal error bound.

K(b—a)?

Er| <
|Brl < 12n2

Here K =eand b—a =1, so

e
BEr| < ——.
Bl < 15,

Step 2: Require the bound to be at most 1074,

(&
<10~*
12n2 — ’
e < 0.0012n2,
2> ~ 2265.23
"= 00012 ’

n > v2265.23 ~ 47.594.

Step 3: Choose the smallest integer.
n = 48
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Calculus II Section 1-10: Numerical Integration

Question 7

Show that Simpson’s Rule with n = 2 is exact for

2
/ 22 dz.
0
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Calculus II Section 1-10: Numerical Integration

Question 7 — Solution

Step 1: Find the width and nodes.

9 _
h:TOZL 1’0:07I1:1,$2:2.
Step 2: Apply Simpson’s Rule.

Sy = S [f(xo) + 4f(z1) + f(22)]

= -[0% +4(1%) + 27

= wl >

=-(0+4+8)=4.

Wl W

Step 3: Evaluate the exact integral.

Since S5 = I, Simpson’s Rule is exact here.
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Calculus II Section 1-10: Numerical Integration

Question 8
For an increasing function on [0, 3], suppose
L6 = 72, R(, = 87

Find Ty and bound the integral.
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Calculus II Section 1-10: Numerical Integration

Question 8 — Solution

Step 1: Use the trapezoidal-average identity. With equal-width subintervals,

L,+ R,
T, = ——.
2
Thus
T, = 7.2+ 8.7
2
15.9
=— = 7.95.

Step 2: Use monotonicity to bound the integral. Because f is increasing, left endpoints underestimate

and right endpoints overestimate:
L < I < Rg.

Therefore,
7.2<1<87.

72<I<87 1Ts=795
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Calculus II Section 1-10: Numerical Integration

Question 9

A velocity is measured every second:

Use Ty to estimate displacement.
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Calculus II Section 1-10: Numerical Integration

Question 9 — Solution

Step 1: Find the time width.
4-0
h = 1 = 1 second.

Step 2: Apply the trapezoidal formula.

h
T, = 5[’[}0 + 2v1 + 209 + 2v3 + ’04}

= 51042(3) +2(5) +2(6) + 4
%[0—?—6—1—10—&-12—1—4]

1
—(32) = 16.

532)

Step 3: Include units. Velocity times time gives displacement in meters.

16 m
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Calculus II Section 1-10: Numerical Integration

Question 10

For Simpson’s Rule on [0, 7], suppose
|f@ (@) < 1.

Find the smallest even n that guarantees error at most 1076,
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Calculus II Section 1-10: Numerical Integration

Question 10 — Solution
Step 1: Write Simpson’s error bound.

K(b—a)®

Eg| <
|Bs| < 18004

Here K =1and b—a =, so
5

™
Fql < —.
Esl = 550
Step 2: Require the bound to be at most 1075.

5
—_<10°¢
180n4 — ’

nt > L

~ 180-10-6’

- 7T5 1/4
n —_—
— \180-10-6
~ 36.109.
Step 3: Enforce Simpson’s even-n requirement. The first even integer at least 36.109 is 38.

n =38

© 2026 Stem-Master.com, All rights reserved.



