Calculus II Section 1-1: Integration by Parts

Question 1

Evaluate by tabular integration:

/ 23e?* dx.
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Calculus II Section 1-1: Integration by Parts

Question 1 — Solution

We use tabular integration because repeatedly differentiating the polynomial 23 eventually gives zero. Dif-
ferentiate in the D column and integrate in the I column. The signs alternate, beginning with a plus
sign.

Sign | D 1

+ 23 ﬁ

2

6{1/’

_ 32 | —

B

e.’IJ

6 -

+ T 3

€2w

B 16
0

For example, each entry in the integration column is obtained using

1
/6236 dr = ~e**,
2

so every step down that column introduces another factor of %
Now multiply across each row, pairing each entry in the derivative column with the entry in the integration
column on the same row, and use the indicated signs:

2x 2x 2x 2x
320 3. 3(€7\ o, 2f€7 N _qlEC
/xe dxa:<2) 3z(4>+6x(8> 6(16>+C’

Therefore,

As a check, differentiating the answer gives

d [ op (23 322 3z 3 3 2
dx[ <24+48 —ren

which is the original integrand.
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Calculus II Section 1-1: Integration by Parts

Question 2

Find the unique constant a such that

1
/ e dr = 1.
0

Give the defining equation and a numerical value.
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Calculus II Section 1-1: Integration by Parts

Question 2 — Solution

First consider the special case a = 0. In that case,

1 1 21
T 1
/ xeoxdac:/ xdr=—| == # 1.
Therefore, a = 0 is not a solution, so we may assume that a # 0.
To evaluate the integral, use integration by parts with
u =z, dv = e dzx.
Then i
e{ll
du = dz, v=—-.
a
Using [udv = uv — [ vdu, we obtain
1 az |1 1
xe 1
/ xe dx = — f/ e dx
0 a Jg @Jo
xeaa: 1 eaw 1
T a 0 - a? 0
et e —1
a a?
_ae —e*+1
= —
_ea—-1)+1
= —
We want this integral to equal 1, so
e“la—1)+1
2 =1,
a

Thus, the defining equation is

e“(a—1)+1=ad*|

Substituting a = 1 verifies that it satisfies the equation:
dl-1)+1=1=12

Hence, a = 1 is a solution.
To see that it is the only solution, define

Differentiating with respect to a gives
1
F'(a) = / 22" dx > 0
0

for every real a. Therefore, F' is strictly increasing and can equal 1 for at most one value of a. Since F(1) = 1,

the unique constant is
a = 1.0000 |
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Calculus II Section 1-1: Integration by Parts

Question 3

Consider the integral

/x2er dx.

A student makes the integration-by-parts choice

u=e", dv = 2% dx.

Explain why this choice does not simplify the integral. Then evaluate the integral efficiently using a better
choice of v and dv.
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Calculus II Section 1-1: Integration by Parts

Question 3 — Solution

Recall the integration-by-parts formula

/uduzuv—/vdu.

With the student’s choice © = e and dv = 22 dx, we have

8

du = e* dzx, v=—.

3 3
/x%”dxze” 9;) —/%e”dm

3, x 1
:che —g/x:ge”’da:.

Therefore,

The polynomial degree has increased from 2 to 3, so the remaining integral is more complicated. Repeating
this choice would keep increasing the degree.
Instead, choose
uw=2x? dv=e"dx, du=2xdr, v=-¢e".

/xzez dx = x%e® — /2xez dx

= 2%e® — 2/:867” dx.

Applying integration by parts gives

For the remaining integral, use integration by parts again:

u=ux, dv=e"dr, du=dx, v=2¢".
Thus,
/xezdﬂc:xem —/e"”dx
= ze® — e”.

Substituting this result into the original calculation gives

/xQe‘T dr = r?e” — 2 (ze” — ) + C

= 2%e® — 22e” + 26" + C
:e“"(x272:r+2)+0.

/xQerdx:ez(xQ—Qa:—&—Z)—kC

Check by differentiating:

% [e” (2* — 22+ 2)] =€ (2° — 224+ 2) + €"(22 — 2)

which is the original integrand.
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Calculus II Section 1-1: Integration by Parts

Question 4

Define
I, = /m”ez dzx, n > 1.

Use integration by parts to derive a recurrence relation connecting I,, and I,,_;. Then use the recurrence to
evaluate Iy.
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Calculus II Section 1-1: Integration by Parts

Question 4 — Solution

Start with

I, = /x"e‘r dx.

u=z", dv=e"dx, du =nz" ldz, v=_¢€".

To reduce the power of x, choose

Using [udv = uv — [ vdu, we obtain

I, =x"e® — /em (nx”fl) dx

Since I,,_1 = f 2" Le® dx, the recurrence relation is

‘In =z"e” —nl,_1 ‘

Here, as usual for indefinite integrals, the constant of integration is added after the recurrence has been
applied. The base case is
I :/exdx:em.

I =ze® — Iy =xe® —e® =e"(x — 1),

Now apply the recurrence repeatedly:

I = 2%e" — 214

= 2% — 2" (x — 1) = *(2* — 22 + 2),
I3 = 23e® — 31,

= 13" — 3" (2 — 22+ 2)

= e”(2® — 32% 4 62 — 6),
I, = 2%e® — 4,

= xte® — 4e” (2 — 322 + 6z — 6)

= e%(2t — 423 4 1227 — 24z + 24).

Therefore,

I, = /x46”” dr = e* (2" — 4a® + 1227 — 242+ 24) + C

Indeed, differentiating the result gives

d
. [e” (2! — 42® + 122 — 24z + 24)] = " (2" — 42® + 122° — 24z + 24)
X
+ e” (4a® — 1222 + 242 — 24)
_ x4ew7

which confirms the answer.
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Calculus II Section 1-1: Integration by Parts

Question 5

Evaluate the cyclic integral

/ e*® cos(3z) dx

using integration by parts. Do not guess the form of the antiderivative.
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Calculus II Section 1-1: Integration by Parts

Question 5 — Solution

Let
1= /62”” cos(3x) dz.

For the first integration by parts, choose

1
u=cos(3z), dv=e>"dux, du = —3sin(3z) dz, v= 5621.
Using [udv =uwv — [vdu, we get
1 2x 1 2z :
I= 3¢ cos(3x) — ¢ (—3sin(3z)) dx
1 2x 3 2z s
=3¢ cos(3x) + 5/¢ sin(3x) dz.
Now evaluate the remaining integral. Let
J = /62”” sin(3x) dz.
Use integration by parts again with
1
u=sin(3z), dv=e**dux, du = 3cos(3z)dx, v= 562‘76.
Then
_ 1 2x _ § 2
J = 5¢ sin(3x) 5 | € cos(3x) dx
1 3
= 5627” sin(3z) — 5[.
Substitute equation (2) into equation (1):
_ 1o 31 o 3
I= 5¢ cos(3x) + 5 (26 sin(3x) 2[)
1 3 9
= —e* cos(3x) + ~e*sin(3z) — ~ 1.
4 4
Move the I-term to the left and solve:
9 1 3
I+ 1[ = ieh cos(3z) + 162'"’3 sin(3x),
13 1 3
ZI = 5629“ cos(3x) + 162”3 sin(3z),
eZm
1= EF) (2cos(3z) + 3sin(3x)).
Therefore,
2x
/62’” cos(3z) dx = 61—3 (2cos(3z) + 3sin(3z)) + C
To check, differentiate the antiderivative:
4 ﬁ (2cos(3z) + 3sin(3z)) | = & [2(2 cos(3z) + 3sin(3z))
dx | 13 13

— 6sin(3z) + 9 cos(3z)]

= 2" cos(3x),

which is the original integrand.
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Calculus II Section 1-1: Integration by Parts

Question 6

Use integration by parts to prove that

/01 In(x)dz = —1.

Because In(z) is unbounded as z — 07T, be sure to treat the lower endpoint correctly as an improper integral.
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Calculus II Section 1-1: Integration by Parts

Question 6 — Solution
The function In(x) is not defined at z = 0 and satisfies

lim 1 = —o0.
Jig, In(e) = —oo

Therefore, we must interpret the integral as

1 1
/ In(z)dz = lim In(x) dz.
0

e—=0t /o

For € > 0, evaluate the proper integral by integration by parts. Choose
u=1In(x), dv=dx, du=—dzr, v=uzx.

Using [udv = uv — [vdu, we obtain

/:m(x) dz = zln(z)|! - /:x (;) dx

Now substitute the bounds:
1
/ In(z) dz = (1In(1) — 1) — (eln(e) —¢)
=—-1—-cln(e) +e.

It remains to evaluate the indeterminate endpoint term. Rewrite it as

In(e)
1/e

eln(e) =

As e — 0T, this has the form —oo/co. By I’'Hopital’s rule,

. 1/e
al—lgl* 6111(6) B 51—1>I(IJ1Jr T/E—ZQ
= lim (—¢) =0.

e—=0t

Also, lim,_,g+ € = 0. Hence,

1
/ In(z)dr = lim (=1 —¢eln(e) +¢)
0 e—0t

=—1.

Therefore, the improper integral converges and

/Olln(x)dm:—l.

This sign is reasonable because In(x) < 0 for 0 < x < 1.
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Calculus II Section 1-1: Integration by Parts

Question 7

Find an antiderivative F' of
f(x) = arcsin(z), —-l<z<l,

that satisfies the initial condition
F(0) =2.
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Calculus II Section 1-1: Integration by Parts

Question 7 — Solution

We begin by evaluating
/arcsin(x) dz.
Since the integrand can be viewed as arcsin(z) - 1, use integration by parts with

1
u = arcsin(z), dv=dz, du = —dz, v=ux.

Vv1—a22

Using [udv = uv — [ vdu, we obtain

x
arcsin(z) dor = x arcsin(z) — / ——dx.
V1—2?

To evaluate the remaining integral, let

w=1-2%

Then 1
dw = —2xdzx, rdr = —5 dw.

Therefore,

X o 1 71/2
[ rmmte == f o

- )

Substitute this result into equation (1):
/arcsin(ac) dx = x arcsin(z) — (—\/ 1- x2) +C
= zarcsin(z) + V1 —a?2 4+ C.
Thus, the general antiderivative is

F(z) = zarcsin(z) + V1 — 22+ C.
Now apply the condition F(0) = 2:
F(0) =0-arcsin(0) + v1—-02+C
=1+4+C.

Hence,
1+C =2 = Cc=1.

Therefore, the required antiderivative is

F(z) = zarcsin(z) + V1 —22+1|

To verify, differentiate:

xT x

V1= a2 _\/1—3:2

F'(z) = arcsin(z) +

= arcsin(z).

Also, F(0) =0+ 14 1 =2, so both requirements are satisfied.

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-1: Integration by Parts

Question 8
Reverse engineer an antiderivative by finding a quadratic polynomial P(z) such that

d x _x(.2
%[e P(z)] = e"(z* + 1).

Determine P(z) and verify that it satisfies the equation.
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Calculus II Section 1-1: Integration by Parts

Question 8 — Solution

We want to choose P(x) so that differentiating e* P(x) produces the given expression. By the product rule,

4 [e*P(z)] = e*P(z) + " P'(z)

dx
= ¢ (P(z) + P'(x)).

Thus, the required identity

d

. [e” P(x)] = e* (2% + 1)
will hold if

P(z) + P'(x) = 2* + 1. (1)

Because P is quadratic, write
P(z) = ax® + bx + ¢,

where a, b, and ¢ are constants. Then
P'(z) = 2az +b.

Adding P(x) and P’(z) gives

P(z) + P'(x) = (az® 4+ bz + ¢) + (2ax + b)
=az?® + (b+2a)x + (¢ +b).

Equation (1) requires this polynomial to equal
2?2 +1=12> 40z + 1.

Matching coefficients of like powers of = yields

a = 1, coefficient of 22,
b+2a = 0, coefficient of z,
c+b = 1, constant term.

Solve the equations in order. Since a = 1,
b+2(1)=0 == b= -2

Then
c+(-2)=1 = c=3.

Therefore,

‘P(x):1272x+3.

Finally, verify the result. Since P'(z) = 2z — 2,

4 [e”(2® — 22+ 3)] = e”(2® — 20+ 3) + " (22 — 2)
T

:ew(x2—2x+3+2a:—2)
e’ (2 + 1),

which is the required expression.
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Calculus II Section 1-1: Integration by Parts

Question 9

Evaluate

1
/ zarctan(x) dzx.

-1

Before using integration by parts, exploit the symmetry of the integrand to simplify the calculation.
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Calculus II Section 1-1: Integration by Parts

Question 9 — Solution

Let
f(x) = zarctan(x).

Both z and arctan(z) are odd functions. Therefore, their product is even:

f(=z) = (—x) arctan(—zx)
= (—x)(— arctan(z))

= zarctan(z) = f(z).

Consequently,
1 1
/ zarctan(x) dr = 2/ x arctan(z) dz. (1)
—1 0

Now use integration by parts on the integral over [0, 1]. Choose

1 x?

:de, v = —.

u = arctan(z), dv=xdx, du 5

Then

1 2 1 1 2

1
/ x arctan(x) de = T arctan(z)| — 7/ LQ dx.
0 2 0 2 0 1 + X

Multiplying by 2 as in equation (1) gives

$2

X 1
/ rarctan(z) de = 2 arctan(x)|(1) — /
0

-1
For the remaining integral, rewrite the integrand:

x? 1+2%) -1 1
= =1- .
1+ 22 1+ 22 14 22

1 2 1
1
| rrmde= [ (1) @
o 1+22 0 1+ 2?2

=[xz - arctan(z)]é
—1-
4

Therefore,

The boundary term in equation (2) is
z? arctan(x)|é = 1% arctan(1) — 02 arctan(0) = %

Substituting both results into equation (2),

1
T T
tan(z) d =f—(1—7)
/_lacarc an(z) dz 1 1
T
2

Thus,

1
/ x arctan(z) do = T_q|
) 2

The answer is positive, as expected, because the even integrand is nonnegative on [—1,1].
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Calculus II Section 1-1: Integration by Parts

Question 10

For n > 0, evaluate the improper integral

1
Jn:/ 2" In(z) dz.

0

Then describe the sign and limiting behavior of J,, as n — oc.
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Calculus II Section 1-1: Integration by Parts

Question 10 — Solution

Because In(z) — —oco as z — 0T, write the integral as

1

Jp = lim " In(z) dz.
e—=0t /o

For € > 0, use integration by parts with

xn—i—l

n+1

1
uw=In(z), dv=az"dz, du = ;dm, v =

This choice is valid because n > 0, so in particular n + 1 # 0. Using [ udv = uv — [ v du, we obtain

1 n+11 1 1 1
/ 2" In(z) dx = z n@)| / " dx
c n+1 |, n+1]/
n+11 1 n+1 1
_ n(z)|" w . (1)
n+1 |, (n+1)2|,

We must evaluate the boundary term at x = 0. Since n + 1 > 0,

In(zx)
. n+1 T
wllg)l"' v ln(ZC) o wllg)l‘*' x*("“) ’
This has the form —oo/oo. By ’'Hépital’s rule,
lim In(x) _ 1 1/x
a—0t =t 250+ —(n 4+ 1)z~ (n+2)
anrl

lim — =
z—0+ mn+1

Also, lim,_,o+ 2"*! = 0. At the upper endpoint, In(1) = 0. Therefore, taking ¢ — 07 in equation (1) gives

g 1"+11n(1) 1"+t —0
" o+l (n+1)2

1

- (n+1)2

Hence,
1
Jp=—7—"""1
(n+1)?

For every n > 0, J,, < 0, which agrees with In(z) < 0 on 0 < z < 1. Moreover, as n — oo,

lim J, = lim — 1 0.

The values increase toward zero through negative values. In short,

J, — 0" as n%oo‘.
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