
Calculus II Section 6-9: Arc Length with Vector Functions

Question 6

One arch of a cycloid is parameterized by r⃗(t) = ⟨a(t− sin t), a(1− cos t)⟩, 0 ≤ t ≤ 2π, where a > 0. Prove
that its length is 8a. Explain the absolute-value issue in simplifying the speed.
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Calculus II Section 6-9: Arc Length with Vector Functions

Question 6 – Solution

Strategy Use half-angle identities and determine the sign of sin(t/2) on the interval.
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0 2πa

one cycloid arch

Speed
r⃗′ = a ⟨1− cos t, sin t⟩ , ∥r⃗′∥ = a

√
2− 2 cos t = 2a

∣∣∣∣sin t

2

∣∣∣∣ .
For 0 ≤ t ≤ 2π, sin(t/2) ≥ 0, so the absolute value may be removed.

Length
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∫ 2π
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t
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−4a cos

t

2

]2π
0

= 8a .

Endpoint note The velocity vanishes at the two cusps, but the speed is continuous and integrable, so the
arch still has a well-defined finite length.
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