
Calculus II Section 6-9: Arc Length with Vector Functions

Question 2

Find the exact arc length of r⃗(t) =
⟨
t2, 2

3 t
3
⟩

on 0 ≤ t ≤ 2. Show the algebraic step that makes the integral
elementary.
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Calculus II Section 6-9: Arc Length with Vector Functions

Question 2 – Solution

Strategy Differentiate first, factor the speed, and use u = 1 + t2.

x

y

t = 0

t = 2

Speed
r⃗′(t) =

⟨
2t, 2t2

⟩
, ∥r⃗′(t)∥ = 2t

√
1 + t2,

where t ≥ 0 allows
√
t2 = t.

Integration

L =

∫ 2

0

2t
√
1 + t2 dt =

2

3

[
(1 + t2)3/2

]2
0
=

2

3
(5
√
5− 1) .

Check Both coordinate functions increase. The straight-line distance between the endpoints is√
42 + (16/3)2 =

20

3
.

The computed curve length is larger, as it must be.
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