Calculus II Section 4-6: Integral Test

Question 4

Consider

2 i

n=1

(a) For f(x) = x/(z% + 1), verify positivity, continuity, and decreasing behavior on [1,00).
(b) Evaluate the associated improper integral using an appropriate substitution.

(c) Determine convergence and obtain upper and lower bounds for Ry .

Clearly distinguish the value of the integral from the value of the series.
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Calculus II Section 4-6: Integral Test

Question 4 — Solution

Step 1: Verify the hypotheses.
Let f(z) = x/(2% + 1)2 for z > 1. It is continuous and positive. Differentiation gives

, 1 — 322
f(w):m<0 (z > 1),

so it decreases.

Step 2: Evaluate the integral.

With « = 22 + 1 and du = 2z dz,
e x 1 [ 1
—dr=- 2du ==
/1 @+12 " 2/2“ Ty
The integral converges, so the series converges.

Step 3: Bound the tail.

Since

the remainder satisfies
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