Calculus II Section 4-6: Integral Test

Question 2

Consider the logarithmic series
o

1
annn'

n=2

(a) Explain why the series begins at n = 2, and verify all three Integral Test hypotheses for f(z) =
1/(z1lnx).

(b) Evaluate the associated improper integral using u = In .

(c) State the convergence or divergence conclusion and describe the growth rate of the truncated
integral.

The nth-term test alone is not a complete solution.
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Calculus II Section 4-6: Integral Test

Question 2 — Solution

Step 1: Verify the hypotheses.
Let f(z) =1/(zlnz) for > 2. It is continuous and positive because = > 1. Moreover,

Inz+1

fl(z) = ~2(na)? <0,

so f is decreasing, and f(n) equals the summand.

Step 2: Evaluate the improper integral.

With v = Inz and du = dz/x,
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As b — oo, In(Inb) — oo. Thus the improper integral diverges.

Step 3: Apply the test.

All hypotheses hold, so the Integral Test gives
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Z diverges.
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The growth scale Inln b explains why divergence is extremely slow.
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