
Calculus II Section 4-5: Special Series

Question 9

Evaluate
∞∑
n=1

n2

2n
.

(a) Differentiate the geometric generating function twice.

(b) Explain why n2 = n(n− 1) + n requires restoring a first-derivative contribution.

(c) Derive a closed generating function and evaluate it at x = 1/2.

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 4-5: Special Series

Question 9 – Solution

Step 1: Differentiate twice.

For |x| < 1, (1− x)−1 =
∑∞

n=0 x
n. Two derivatives give

∞∑
n=2

n(n− 1)xn−2 =
2

(1− x)3
.

Multiplying by x2 produces
∞∑
n=2

n(n− 1)xn =
2x2

(1− x)3
.

Step 2: Restore the missing linear part.

Because n2 = n(n− 1) + n, add the first-derivative identity
∑

nxn = x/(1− x)2:
∞∑
n=1

n2xn =
2x2

(1− x)3
+

x

(1− x)2
=

x(1 + x)

(1− x)3
.

Step 3: Evaluate at the requested point.

Since x = 1/2 lies inside the interval of convergence,
∞∑
n=1

n2

2n
=

(1/2)(3/2)

(1/2)3
= 6 .

Omitting the
∑

nxn term would compute n(n− 1) rather than n2.
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