
Calculus II Section 4-17: Applications of Series

Question 4

Solve the initial-value problem y′ = y, y(0) = 1 by assuming a power-series solution y =
∑∞

n=0 anx
n.

Derive the coefficient recursion and identify the resulting function.
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Calculus II Section 4-17: Applications of Series

Question 4 – Solution

Step 1: Differentiate and align powers.

y′ =

∞∑
n=1

nanx
n−1 =

∞∑
n=0

(n+ 1)an+1x
n.

The original series is y =
∑∞

n=0 anx
n.

Step 2: Match coefficients in y′ = y.

(n+ 1)an+1 = an, an+1 =
an

n+ 1
.

The initial condition gives a0 = y(0) = 1. Repeated use of the recursion yields

a1 = 1, a2 =
1

2!
, a3 =

1

3!
, and in general an =

1

n!
.

Conclusion.

y(x) =

∞∑
n=0

xn

n!
= ex .

The series has infinite radius by the Ratio Test, so the solution is valid for every real x.
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