Calculus II Section 1-5: Integrals Involving Roots

Question 7
Evaluate

/ dx
using u = /x + 1.
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Calculus II Section 1-5: Integrals Involving Roots

Question 7 — Solution
Step 1: Substitute u = /z + 1. Then

w =z +1, r=u—-1, dz = 3u? du.

3u? du U
[= [ 2 g Y g,
/(u3—1)u /u3—1 “
ud—1=(u—1)(u?+u+1).

Step 2: Rewrite and factor.

Step 3: Use partial fractions.
3u A Bu+C

u3—1:u—1+u2+u+1'

After clearing denominators,
3u=A(w?* +u+1)+ (Bu+C)(u—1).

Matching coefficients gives
A+ B =0, A—-—B+C =3, A-C=0,
so A=1, B= -1, and C = 1. Therefore,

3u 1 n —u—+1
wW—1 wu—-1 w2+u+1’

Step 4: Prepare the quadratic term.

1 3
—u+1l=—-=(2u+1)+=.
u + 5(2ut+ 1)+ 3

du 1 2u+1 3 du
I= S . L S YA
u—1 2J) uw2+u+1 2] w24+u+1

*+u+1 41 2+3
u u =lu - —.
2 4

Thus

Complete the square:

Step 5: Integrate and return to z.

1 2 1
I= 1n|u—1|—21n(u2+u+1)+\/§arctan( u\/—g )—l—C,

where ©v = Jz + 1.

1 2 1
ln|u—1—2ln(u2+u+1)+\/§arctan< u\/g )—i—C
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