
Calculus II Section 1-3: Trigonometric Substitution

Question 8
Evaluate the definite integral exactly: ∫ 5

3

√
x2 − 9

x
dx.
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Calculus II Section 1-3: Trigonometric Substitution

Question 8 – Solution

3

√
x2 − 9

x

θ

Let
x = 3 sec θ, dx = 3 sec θ tan θ dθ.

For x ≥ 3, take 0 ≤ θ < π/2. Then √
x2 − 9 = 3 tan θ.

Transform the bounds:

x = 3 ⇒ sec θ = 1 ⇒ θ = 0, x = 5 ⇒ cos θ =
3

5
⇒ θ = arccos

(
3

5

)
.

Thus,

I =

∫ arccos(3/5)

0

3 tan θ

3 sec θ
(3 sec θ tan θ) dθ

= 3

∫ arccos(3/5)

0

tan2 θ dθ

= 3 [tan θ − θ]
arccos(3/5)
0 .

At the upper bound, a 3-4-5 triangle gives tan θ = 4/3. Therefore,

I = 3

(
4

3
− arccos

(
3

5

))
= 4− 3 arccos

(
3

5

)
.

Hence,

I = 4− 3 arccos

(
3

5

)
.
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