Calculus II Section 1-3: Trigonometric Substitution

Question 1

Evaluate the integral both geometrically and analytically:

/ Va2 — z2dx, a> 0.
0
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Calculus II Section 1-3: Trigonometric Substitution

Question 1 — Solution

a
x

(7]

va? — x?

Geometrically, y = Va2 — 2 is the upper semicircle 22 4+ y? = a%. On 0 < z < a, the region is one quarter
of a disk of radius a. Hence its area is

1
I = 17'('012.

For an analytic verification, let
T = asinb, dx = acosfdf.

Since 0 < x < a, the new bounds are 0 < § < 7/2. Also,

\/a2—x2:\/a2—a2sin29

= acosf,
because cosf > 0 on this interval. Therefore,

/2
I = a2/ cos? 6 do
0

2

a w/2
:—/ (14 cos20)do
2 Jo
2 /2 2
= [oegama| =T
2 0
Thus both methods give
a 2
/ @2 —z2de =~
0 4
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