Calculus II Section 1-1: Integration by Parts

Question 9

Evaluate

1
/ zarctan(x) dzx.

-1

Before using integration by parts, exploit the symmetry of the integrand to simplify the calculation.
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Calculus II Section 1-1: Integration by Parts

Question 9 — Solution

Let
f(x) = zarctan(x).

Both z and arctan(z) are odd functions. Therefore, their product is even:

f(=z) = (—x) arctan(—zx)
= (—x)(— arctan(z))

= zarctan(z) = f(z).

Consequently,
1 1
/ zarctan(x) dr = 2/ x arctan(z) dz. (1)
—1 0

Now use integration by parts on the integral over [0, 1]. Choose

1 x?

:de, v = —.

u = arctan(z), dv=xdx, du 5

Then

1 2 1 1 2

1
/ x arctan(x) de = T arctan(z)| — 7/ LQ dx.
0 2 0 2 0 1 + X

Multiplying by 2 as in equation (1) gives

$2

X 1
/ rarctan(z) de = 2 arctan(x)|(1) — /
0

-1
For the remaining integral, rewrite the integrand:

x? 1+2%) -1 1
= =1- .
1+ 22 1+ 22 14 22

1 2 1
1
| rrmde= [ (1) @
o 1+22 0 1+ 2?2

=[xz - arctan(z)]é
—1-
4

Therefore,

The boundary term in equation (2) is
z? arctan(x)|é = 1% arctan(1) — 02 arctan(0) = %

Substituting both results into equation (2),

1
T T
tan(z) d =f—(1—7)
/_lacarc an(z) dz 1 1
T
2

Thus,

1
/ x arctan(z) do = T_q|
) 2

The answer is positive, as expected, because the even integrand is nonnegative on [—1,1].
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