Calculus II Section 1-1: Integration by Parts

Question 6

Use integration by parts to prove that

/01 In(x)dz = —1.

Because In(z) is unbounded as z — 07T, be sure to treat the lower endpoint correctly as an improper integral.
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Calculus II Section 1-1: Integration by Parts

Question 6 — Solution
The function In(x) is not defined at z = 0 and satisfies

lim 1 = —o0.
Jig, In(e) = —oo

Therefore, we must interpret the integral as

1 1
/ In(z)dz = lim In(x) dz.
0

e—=0t /o

For € > 0, evaluate the proper integral by integration by parts. Choose
u=1In(x), dv=dx, du=—dzr, v=uzx.

Using [udv = uv — [vdu, we obtain

/:m(x) dz = zln(z)|! - /:x (;) dx

Now substitute the bounds:
1
/ In(z) dz = (1In(1) — 1) — (eln(e) —¢)
=—-1—-cln(e) +e.

It remains to evaluate the indeterminate endpoint term. Rewrite it as

In(e)
1/e

eln(e) =

As e — 0T, this has the form —oo/co. By I’'Hopital’s rule,

. 1/e
al—lgl* 6111(6) B 51—1>I(IJ1Jr T/E—ZQ
= lim (—¢) =0.

e—=0t

Also, lim,_,g+ € = 0. Hence,

1
/ In(z)dr = lim (=1 —¢eln(e) +¢)
0 e—0t

=—1.

Therefore, the improper integral converges and

/Olln(x)dm:—l.

This sign is reasonable because In(x) < 0 for 0 < x < 1.
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