Calculus II Section 1-1: Integration by Parts

Question 4

Define
I, = /m”ez dzx, n > 1.

Use integration by parts to derive a recurrence relation connecting I,, and I,,_;. Then use the recurrence to
evaluate Iy.
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Calculus II Section 1-1: Integration by Parts

Question 4 — Solution

Start with

I, = /x"e‘r dx.

u=z", dv=e"dx, du =nz" ldz, v=_¢€".

To reduce the power of x, choose

Using [udv = uv — [ vdu, we obtain

I, =x"e® — /em (nx”fl) dx

Since I,,_1 = f 2" Le® dx, the recurrence relation is

‘In =z"e” —nl,_1 ‘

Here, as usual for indefinite integrals, the constant of integration is added after the recurrence has been
applied. The base case is
I :/exdx:em.

I =ze® — Iy =xe® —e® =e"(x — 1),

Now apply the recurrence repeatedly:

I = 2%e" — 214

= 2% — 2" (x — 1) = *(2* — 22 + 2),
I3 = 23e® — 31,

= 13" — 3" (2 — 22+ 2)

= e”(2® — 32% 4 62 — 6),
I, = 2%e® — 4,

= xte® — 4e” (2 — 322 + 6z — 6)

= e%(2t — 423 4 1227 — 24z + 24).

Therefore,

I, = /x46”” dr = e* (2" — 4a® + 1227 — 242+ 24) + C

Indeed, differentiating the result gives

d
. [e” (2! — 42® + 122 — 24z + 24)] = " (2" — 42® + 122° — 24z + 24)
X
+ e” (4a® — 1222 + 242 — 24)
_ x4ew7

which confirms the answer.
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