Calculus II Section 2-1: Arc Length

Question 1

A cable follows

Find its exact length.
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Calculus II Section 2-1: Arc Length

Question 1 — Solution

Step 1: Differentiate.

Since =z > 0,

Step 3: Integrate and evaluate.
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Calculus II Section 2-1: Arc Length

Question 2

For 0 < z < 2, compare
2
Ci:y=0, Cy:y= 282,

Find L2 — Ll.

Cs
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Calculus II Section 2-1: Arc Length

Question 2 — Solution

Step 1: Find the length of C;. Since v’ = 0,

2 2
le/ \/1+02da::/ ldx =2.
0 0

Step 2: Differentiate Cs.
2 3
y/:§'§$1/2:\/5.

Step 3: Find the length of C,.
2
Lo :/ v/ 1+ (\/5)2(11‘

0
2

_ / VT zde
0
2 )

= {(1 + I)3/2:|
3 0

2 2
:§(3\/§—1):2\/§f§.

2

Step 4: Subtract.
2 8
L27L1:2\/§f§f2:2\/§f§.

LQ—L1=2I—§
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Calculus II Section 2-1: Arc Length

Question 3

A bead moves along

IN

-

IN
N
3

x = 3cost, y = 3sint, 0

Find the distance traveled.

t=2m/3
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Calculus 11

Section 2-1: Arc Length

Question 3 — Solution

Step 1: Differentiate both coordinates.
dx

— = —3sint,

dt
Step 2: Compute the speed.

J() (%) -

Step 3: Integrate the speed.

d
d—i’ = 3cost.

V9sin?t 4+ 9cos? ¢
V9 = 3.

27 /3
LZ/ 3dt
0

= [St]gw/3 = 2.
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Calculus II Section 2-1: Arc Length

Question 4

Find the exact length of

y = In(secx + tanx), nggg.
Y
y = In(secx + tanx)
> T
/3
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Calculus II Section 2-1: Arc Length

Question 4 — Solution

Step 1: Differentiate.

, secxtanz + sec? x
= =secz.
secx + tanx

w/3
:/ 14 sec? zdx.
0

Step 2: Substitute v = tanx. Then du = sec?® x dz and the bounds become 0 and v/3:

L/O”W

Thus

1+ u?
Step 3: Substitute u = v/2sinht. Then

du = V2 coshtdt, Vu? +2=+2cosht.

The upper bound is T = arsinh 1/3/2, and
I /T 2 cosh? t _Zeoshit
o 1+ 2sinh”t
T
/ (1 + sech(2t)) dt
0

T

= arctan (sinh 2t)}
0

Since sinh(27") = /15,

3 1
L = arsinh \/; + 3 arctanv'15
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Calculus II Section 2-1: Arc Length

Question 5

Find a > 0 so that

has length 14/3.
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Calculus II Section 2-1: Arc Length

Question 5 — Solution

Step 1: Differentiate.

Step 2: Write and evaluate the length.

L:/ V14 xzdx
0

:[ 0

- g ((1—|—a)3/2—1).

Step 3: Set the length equal to 14/3 and solve.

a

Wl N

(1 +a:)3/2}

(o=t

(1+a)?-1=7,

(1+a)*? =38,
1+a=28%%=4,
a=3.
a=3
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Calculus II Section 2-1: Arc Length

Question 6

Rank the arc lengths on 0 < x < 1:
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Calculus II Section 2-1: Arc Length

Question 6 — Solution

Step 1: Find the first two lengths.
1
Lo Z/ V1+02de =1,
0
1
L, = / V14+12de = V2 =~ 1.414.
0

Step 2: Set up the third length. For y = 22, y = 2z, so

1
Lmz = / V1 + 422 dz.
0
Use the standard antiderivative
x 1
/ V1+4z?2de = 5 14422+ 1 arsinh(2z).

Therefore,

1
1
L, = [; 1+ 422+ i arsinh(2x)]

5 1
= % + ZarsinhQ

~ 1.479.

0

Step 3: Rank the values.

Lo < L, < Ly
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Calculus II Section 2-1: Arc Length

Question 7

A student writes

1
L:/ (1+9)dz
0

for y = 22. Explain the error and find the correct length.

<
|
8
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Calculus II Section 2-1: Arc Length

Question 7 — Solution
Step 1: Correct the geometric formula. A small arc segment is the hypotenuse of a right triangle:
ds?® = dz? + dy>.

Since dy = ¢’ dx,

ds = \/dz? + (y' dz)? = \/1+ (y/)% dx.

The student’s expression adds horizontal and vertical changes instead of using the Pythagorean theorem.
Step 2: Differentiate and set up the length.

1
y = 2z, L:/ V1+ 422 dx.
0

Step 3: Evaluate.

1
0
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Calculus II Section 2-1: Arc Length

Question 8

Use two straight chords through x = 0,7/2, 7 to estimate the length of

y =sinzx, 0<x<m.
Explain why the estimate is too small.
Y
A
4’ "\ Yy =sinz
>~ T
/2 T
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Calculus II Section 2-1: Arc Length

Question 8 — Solution

Step 1: List the three points.
0.0, (51), @O
Step 2: Find the first chord length.

By symmetry, do = d;. Thus

2
Lchord:2d1:2 %+1:\/7r2—|—4_
Step 3: Compare with the true length. The true arc length is

L:/ V1 +cos?2zxdx.
0

A curved arc between two points is longer than its straight chord. Since the sine curve is not straight on
either half,

Lchord = w2 + 47 L> Lchord
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Calculus II Section 2-1: Arc Length

Question 9

For

= = 0<y<2
€ 27 —y— )

find the length using y. Then write the equivalent z-integral without evaluating it.

Y
2

r=1y%/2
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Calculus II Section 2-1: Arc Length

Question 9 — Solution

Step 1: Differentiate with respect to y.
dz
it
Step 2: Set up and evaluate the y-integral.

2 | 2
L:/ 1+(dx> dy
0 dy

2
:/ V1+y2dy
0

2
1
= [22/ 1+y2+ 2arsinhy]0

1
= \/3 + 5 arsinh 2.

1
L=+5+ 5arsinh2

Step 3: Rewrite using z. Since y = v/2x,
dy 1

dx_\/%'

2] 1
L:/ 1+ —dx|
0 21‘

The x-values run from 0 to 2, so
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Calculus II Section 2-1: Arc Length

Question 10

A curve satisfies
y'(z) = Ve —1, 0<az<In3.

Find its length. A formula for y is not needed.

> <
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Calculus II Section 2-1: Arc Length

Question 10 — Solution

Step 1: Substitute the derivative into the arc-length formula.

2
1+(y’)2=1+( e%—l)

=1+4+e* —1=¢*.

Step 2: Simplify the square root. Since e¢” > 0,

VIT W) = Ve = .

In3
L:/ e® dx
0

= [eh?

=3 _e0=3_1=2,

Step 3: Integrate and evaluate.

L=2
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Calculus 11 Section 2-2: Surface Area

Question 1

Curve: y=zonl <z <3.
Axis of rotation: the z-axis.
Task: Find the lateral surface area, then verify the result with the frustum formula.

)
y=x
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Calculus 11 Section 2-2: Surface Area

Question 1 — Solution

Y

A

il -

Step 1: Differentiate and find ds.

y =1, ds = /1+ (y)2dz = V2dz.

Step 2: Apply the surface-area formula.

3
S:27T/ yds
1

3
:271'/ V2 dx
1

3

2
=2mV/2 {x}
2
=71v2(9 - 1) = 87V2.
Step 3: Verify with the frustum formula. The radii are r; = 1 and ro = 3. The slant height is

s=/(B-1)2+(B-1)2=2V2

Therefore,

S =n(ry +ra)s = w(1+3)(2v2) = 87V2.
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Calculus 11 Section 2-2: Surface Area

Question 2

Curve: y=24coszon 0 <z <.
Axis of rotation: y = —1.
Task: Set up, but do not evaluate, the surface-area integral.

Y

A

y=24cosx
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Calculus 11 Section 2-2: Surface Area

Question 2 — Solution

Step 1: Find the radius. The radius is the vertical distance from the curve to the axis y = —1:
r=(24cosz) — (—1) =3+ cosx.
Step 2: Find the arc-length factor.

/

y = —sinz, ds = /1 +sin® z d.

Step 3: Substitute into S = 27 [rds.

S = 27?/ (3 +cosz)V1+sin® zdz
0
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Calculus 11 Section 2-2: Surface Area

Question 3

Curve: y=+vV4—220on0<z<2.
Axis of rotation: the z-axis.
Task: Identify the resulting surface and find its area.

Y
1‘2+y2:4
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Calculus 11 Section 2-2: Surface Area

Question 3 — Solution

Step 1: Identify the surface. The curve is the upper-right quarter of the circle z2 + y? = 4. Rotating it
about the z-axis produces a hemisphere of radius (2).

Step 2: Differentiate.
x
/

e

Step 3: Simplify the arc-length factor.

.7}2
VIFW)P2 =1+ ——
+(y') t i
1 2

1—a2 VA= 2
Step 4: Calculate the surface area.

2
S = 277/ yv/ 1+ (y)?dx
0

2
2
=27 Va4 — 22— dx
/0 V4 — 2
2

:47r/ dr = 8.
0

‘hemisphere, S = 87r‘
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Calculus 11 Section 2-2: Surface Area

Question 4

Curve: y=+/ronl <z <4
Axis of rotation: the y-axis.
Task: Find the exact surface area.
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Calculus 11 Section 2-2: Surface Area

Question 4 — Solution

Step 2: Set up and simplify.

S A
S:27r/ A1+ —dzx
1 41‘
4
:7r/ Va(dx + 1) de.
1

Step 3: Substitute v = 8z 4+ 1. Then

dx:d%, va(dx + 1) \/

Thus

33
S:% vVu? —1du.
9

Step 4: Integrate and return to z.

/\/u2fldu: (uVuQ—lfln(qu\/qul)).

1
2

Therefore,

4
S=m

ot DVt D) Ly (54 14 42007 1)

16

1
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Calculus 11 Section 2-2: Surface Area

Question 5
Curve: y =z on 0 <z < a, where a > 0.

Axis of rotation: the z-axis.
Task: Find a so that the generated surface area is 97m/2.

A y=x

[« ) -
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Calculus 11 Section 2-2: Surface Area

Question 5 — Solution

—

J@
IS

~

Step 1: Find the arc-length factor.

y =1, 1+ ({y)2=V2
Step 2: Write and evaluate the area.
S = 27r/ yv/ 1+ (y)2dx
0
= 27r/ V2 dx
0
27
=212 {2} = mV/2d°.
0

Step 3: Set the area equal to 97v/2 and solve.

m™/2a% = 9nV/2,
a? = 9,
a=3
because a > 0.
a=3
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Calculus 11 Section 2-2: Surface Area

Question 6

Curve: y=22on0<z <1.
Axes of rotation: first the xz-axis, then the y-axis.
Task: Write both surface-area integrals and determine which is larger without evaluating either integral.

Y
A Yy=x

1
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Calculus 11 Section 2-2: Surface Area

Question 6 — Solution

about the y-axis
N\

about the z-axis

Step 1: Find the common arc-length factor.

y = 2z, ds = \/1+ 4x2dx.

Step 2: Rotate about the z-axis. The radius is y = 2%

1
&ZQT/IKHIZEM.
0

Step 3: Rotate about the y-axis. The radius is z:

1
%:%/zﬁ:@%m
0
Step 4: Compare the integrands. For 0 < xz < 1,
x>z

Multiplying by the positive common factor 2mv/1 + 422 preserves the inequality. Therefore,

555]
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Calculus 11 Section 2-2: Surface Area

Question 7

Curve: y=1/zonz > 1.
Axis of rotation: the z-axis.
Task: Determine whether the generated surface has finite area.

Y
A

y=1/x
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Calculus 11 Section 2-2: Surface Area

Question 7 — Solution

Y

A

infinite horn
7 —> T — 00
:: u L > T
\ \
\ i

Step 1: Differentiate and set up the improper integral.

Thus

*1 1
S:27r/ f\/1+—4dx.
1z T

Step 2: Find a lower comparison. Since

Vit >1,

we have 1 )
-1+t > —.
T x

Step 3: Test the comparison integral.

/ d—x: lim Inb = 0.
1

X b—o0

By direct comparison, the surface-area integral diverges.

’ S = oo (infinite surface area) ‘
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Calculus 11 Section 2-2: Surface Area

Question 8

Curve: y=+vVR2—-220ona <z <b, where R>0and —R<a<b<R.

Axis of rotation: the z-axis.

Task: For fixed R, show that the surface area depends only on the zone height h = b — a.
Y
A y=+VR? 22

QF---—----

b
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Calculus 11 Section 2-2: Surface Area

Question 8 — Solution

spherical zone ‘:{

> T
Step 1: Differentiate. .
V=R
Step 2: Simplify the arc-length factor.
VITWPR= 1+ 50—
_ Rz R
R?2 —z? /R? 3%
Step 3: Calculate the surface area.
b
S = 271'/ ymda:
ab .
= 27r/a \/ﬂ\/ﬁ dx

b
= 27rR/ dzx

=21R(b— a) = 27 Rh.

S =271R(b—a) =27Rh
| |
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Calculus 11 Section 2-2: Surface Area

Question 9

Parametric curve: z =12, y=1+13/3, for 0 <¢ < 1.
Axis of rotation: the z-axis.
Task: Set up, but do not evaluate, the surface-area integral.

Y

A

t:9/
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Calculus 11 Section 2-2: Surface Area

Question 9 — Solution

Step 1: Differentiate both coordinates.

dx dy 9
— =2t — =1".
dt ’

Step 2: Find the parametric arc-length factor.

dz\? dy 2
ds_m) oy

=42 +t4dt
=t\V4+t2dt
because t > 0.
Step 3: Use radius y =1+ t3/3.
1
S = 277/ yds
0
1 43
:277/ <1+3> 4+ t2dt
0
1 4
:277/ <t+3> V4 -+ 2 dt.
0
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Calculus 11 Section 2-2: Surface Area

Question 10

Given: A cylinder has radius r, height h, and fixed lateral area A.
Tasks: Solve for h, find the total area including both circular ends, and then analyze the limit as » — 0F.

h

A
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Calculus 11 Section 2-2: Surface Area

Question 10 — Solution

Y
A 2rrh = A

h

Step 1: Solve the lateral-area equation for h.

2nrh = A,
A

o
Step 2: Add the two circular ends. Each end has area 712, so
Siota] = A + 2712,
Step 3: Take the limit as r — 0.

lim Siptar = lim (A +277r%) = A,
r—0+

r—0+
lim h= lim — =00
r—0t r—0+ 27r
Stotal — A, h — o0 ‘
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Calculus 11 Section 2-3: Center of Mass

Question 1

A triangular sign occupies x > 0,y > 0,z + 2y < 6. Find its centroid using integrals.

Y
3
2
1 e (2,1)
T
1 2 3 4 5 6
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Calculus 11 Section 2-3: Center of Mass

Question 1 — Solution

)

1 e (2,1)

Step 1: Write the upper boundary as a function of z. From = + 2y = 6,

y=Ji)=3-73

0<x<6.
9’ ST

Step 2: Find the area (and hence the mass for unit density).

A:/Oﬁf(:v)dx:/;(?)—g)dm

2
- {333—%} —18-9=09.
4 0

Step 3: Find the moment about the y-axis.

My—/()6zf(:c)dz_/06 <3xf”22) dx

32 36
— 12T 54 _36=18.
2 6,

Step 4: Find the moment about the z-axis. Each vertical strip has centroid height f(x)/2, so

e, I T2

Step 5: Divide each moment by the area.

M, 18
‘fziy:—:

A 9 ) Y=

© 2026 Stem-Master.com, All rights reserved.



Calculus 11 Section 2-3: Center of Mass

Question 2
A lamina lies between y = x and y = 2%, 0 < x < 1, with density p(z) = 1 + 2. Find its mass and Z.

Y

=1+

0.2 0.4 0.6 0.8 1 1.2
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Calculus 11 Section 2-3: Center of Mass

Question 2 — Solution

Y

0.5 4 a

T
0.2 0.4 0.6 0.8 1 1.2

Step 1: Identify the strip dimensions. On 0 < x < 1, the upper curve is y = z and the lower curve is
y = x2. Thus
dA = (x — 2?) dx, dm = p(z)dA = (14 z)(x — 2?) dx.

Step 2: Find the mass. Since (1 + z)(z — 2?) = 2 — 23,

1 2 471
— NP R R
m—/o(x x)dw-{Q 4}0 1

Step 3: Find the moment about the y-axis. The moment arm is x, so

1 1
My:/ rdm = | x(r—2*)dr
0 0

571
—/1(x2x4)d;ﬂ— x—sfx— _ 2
0 3 5], 15

Step 4: Compute the z-coordinate of the center of mass.

2
oM, i _ 8
m i 15°
1 B
m=y YT

© 2026 Stem-Master.com, All rights reserved.



Calculus 11 Section 2-3: Center of Mass

Question 3
A 4-m rod on 0 < x < 4 has density p(z) = k(1 + z). Its mass is (12) kg. Find & and its balance point.

plz) =1+

Y

[ 3S]
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Calculus 11 Section 2-3: Center of Mass

Question 3 — Solution

plz) =1+

Y

Bl

Step 1: Use the total mass to determine k.
4 4
12:/ p(a:)d:czk/ (1+x)dx
0 0
274

k{erlQ} = k(4+8) = 12k.
0

Therefore, k =1, so p(z) = 1+ z.
Step 2: Find the first moment about the origin.

My = /04xp(x)dx = /04(:c+x2)dx

[, ] g 688
L2 3, 337

Step 3: Divide the moment by the mass.

M, B 22
r=—=-"7-=—m.
m 12 9

The balance point lies to the right of the midpoint because the density increases with x.
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Calculus 11 Section 2-3: Center of Mass

Question 4

A uniform semicircular lamina 22 + 32 < R?,y > 0 has Z = 0. Derive 7.
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Calculus 11 Section 2-3: Center of Mass

Question 4 — Solution

Step 1: Use symmetry. The lamina is symmetric about the y-axis, so
z=0.
Step 2: Find the area. The region is one-half of a disk of radius R:
A= %WRQ.
Step 3: Write the upper boundary. For —R <z < R,
f(z) = VR? — a2

A vertical strip of height f(z) has centroid height f(z)/2.
Step 4: Find the moment about the z-axis.

R R
szélRf(x)de:%/ (R* — 2*) dx

—-R

x3]R _2RP
31 g

1 2
_2[}”_ 3

Step 5: Divide the moment by the area.
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Calculus 11 Section 2-3: Center of Mass

Question 5

A uniform square 0 < z,y < 2 has the upper-right unit square removed. Find the centroid of the remaining
L-shape.
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Calculus 11 Section 2-3: Center of Mass

Question 5 — Solution

Step 1: Treat the removed square as negative area. The full 2 x 2 square has

Al = 4a (xlvyl) = (17 1)

=1 (o) = (5.3).

The removed 1 x 1 square has
272
Step 2: Find the remaining area.
A=A —A;=4-1=3.
Step 3: Subtract the moments about the y-axis.
My = AlIl — AQIQ = 4(1) — 1 <) = —.
Step 4: Subtract the moments about the z-axis.

3 5
M, = Ay — Agys = 4(1) — 1 () _5

Step 5: Divide by the remaining area.

S My 5 M. 5
4 "6 YTA w6
o 5 5
(x7y)_<6a6>
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Calculus 11 Section 2-3: Center of Mass

Question 6
Masses (2,3,5) kg sit at = 0,4, 10. Where must a (2)-kg mass be placed so the center is = 57
2 kg 2 kg 3 kg 5 kg

e — . i1
=5
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Calculus 11 Section 2-3: Center of Mass

Question 6 — Solution

2 kg 2 kg 3 kg 5 kg

Kl
I
at

Step 1: Let a be the location of the new mass. The four masses are 2, 3, 5, and 2 kg, so the total

mass is
m=2+3+5+2=12kg.

Step 2: Write the center-of-mass equation. For point masses on a line,

Zmixi
dom;

T =

Requiring = 5 gives
2(0) 4+ 3(4) + 5(10) + 2a

5:
12

Step 3: Solve for a.

60 = 0 + 12 + 50 + 2a,

60 = 62 + 2a,
20 = -2,
a=—1.

Step 4: Check. The total moment is 62 + 2(—1) = 60, and 60/12 = 5, as required.

Place the 2-kg mass at z = —1. ‘
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Calculus 11 Section 2-3: Center of Mass

Question 7

A plate under y = 4 — 22, —2 < x < 2, has uniform density. Use symmetry before integration; find its
centroid.

-25 -2 -15 -1 -0.5
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Calculus 11 Section 2-3: Center of Mass

Question 7 — Solution

-25 -2 —-15 -1 -05
Step 1: Use symmetry before integrating. Both the region and its uniform density are symmetric

about the y-axis. Therefore,
z=0.

Step 2: Find the area.

A:/Z(4—x2)dx=2/02(4—x2)dx
2

x5 8 32
=24z — | =2(8-2) =22
)2 (5) -5
Step 3: Find the moment about the r-axis. For a vertical strip under f(z) =4 — 22,
1 /2 2
f/ f(z)? de = / (4 —2%)?dx
2) 0
2

/ (16 — 822 + z*) da
0

M,

8z a°1% 256
=16 — —+ —| = —.
[ Tt 5]0 15
Step 4: Compute j.
M s
A ®
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Calculus 11 Section 2-3: Center of Mass

Question 8

A rod on [0, 1] has density py,(z) = (n+1)z™, for integers n > 0. Find Z,, and its limiting location as n — .

mass shifts right as n 1

8l
3
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Calculus 11 Section 2-3: Center of Mass

Question 8 — Solution

mass shifts right as n 1

Kl
3

Step 1: Find the total mass. For n > 0,
1 1
my, = / pn(z) dx = / (n+1)x" dx
0 0

n+1 1
—(n+1) |2 —1.
n+1],

Thus the density is normalized to have total mass 1.
Step 2: Find the first moment about the origin.

1 1
M, = / zpn(z)dr = (n+1) / " dg
0 0

x”+2]1_n+1
0

= 1 .
(n+ )[n—|—2 n+2

Step 3: Compute the center of mass.

MninJrli1 1

. n+2 n+2

Step 4: Take the limit.
1.

lim Z, =1 — lim —— —
e e

The density becomes increasingly concentrated near the right endpoint.

g = i1 T, — 1
Ty = X
n n+27 n
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Calculus 11 Section 2-3: Center of Mass

Question 9

A lamina is bounded by y = /z, y = 0, x = 4. A circular hole of radius (1/2), centered at ((3,1/2)), is
removed. Find the new centroid using subtraction.

Y

0.5 1 1.5 2 2.5 3 3.5 4 4.5
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Section 2-3: Center of Mass

Calculus 11

Question 9 — Solution

Y
2
1
'
"
0.5 1 1.5 2 2.5 3 3.5 4 4.5
Step 1: Find the area of the original region.
4 4
2 . 1
Ay :/ Vrdr = {x‘gﬂ} = —6
0 3 o 3
Step 2: Find the original moments.
4 4
2 64
Myoz/ erde = |Z2®?| ==,
- 0 5 g O
I 1t
My,o== [ (Wx)’de== | zdz=4.
T2 2 Jo
Hence the original centroid is
(i‘ — ) _ My,O MIL‘,O _ E §
0,Y0) = A(] y AO - 5 "4 )
Step 3: Record the hole’s area and moments. The hole has radius 1/2 and centroid (3,1/2), so
2
1 T T 3T 1 /7 T
h W(Q) g wh 1)~ 4 h=o\1) %

16 64 37 s
A=———, M,=———, M,=4——.
3 4 Y5 47 * 8

Step 4: Subtract the hole.
Step 5: Divide the remaining moments by the remaining area.

B~
\
|y

|2
\
=8
<
I
w5
\
N

8l
I
@l
N
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Calculus 11 Section 2-3: Center of Mass

Question 10

A symmetric lamina has density p(z,y) =1+yon —1 <z < 1,0 <y < 1— 22 State Z, then set up exact
integrals for m and g.
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Calculus 11 Section 2-3: Center of Mass

Question 10 — Solution

1 05 | 0.5 1

Step 1: Use symmetry. The region is symmetric about the y-axis, and p(z,y) = 14y is unchanged when

x is replaced by —z. Therefore,
=0l

Step 2: Set up and evaluate the mass. Let h =1 — 2. Then

m/ll/olzz(ler)dydx
Yy
/_11 [(1 —2%) + %(1 —x2)2] dx = %

Step 3: Set up and evaluate the moment about the z-axis.

1 1—2?
M, :/ / y(1+y)dydx
—1Jo
1 h2 h3
= [z 5]
1! 1!
= 5/ (1 —2%)2%dx + §/ (1 —2?)3dx

-1 —1
8 32 88

15 105 105
Step 4: Compute 3.
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Calculus II Section 2-4: Hydrostatic Force

Question 1

A vertical aquarium window is (2) m wide and (1.5) m high; its top is (0.5) m below freshwater. Find the
force (v = 9800 N/m?).

water surface

’0.5 m
1.5 m o
pP="7Y
-
>
2m
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Calculus II Section 2-4: Hydrostatic Force

Question 1 — Solution

water surface

’0.5 m

p=7Y
4—

2 m

Step 1: Choose the depth variable. Let y be the depth below the water surface, measured in meters.
The window extends from
y=05 to y=054+15=2.

Step 2: Write the pressure at depth y. Freshwater has weight density v = 9800 N/m?, so
p(y) = yy = 9800y N/m>.

Step 3: Find the area of a horizontal strip. The window is 2 m wide. A strip of thickness dy has

area
dA = 2dy.

Therefore,
dF = p(y) dA = (9800y)(2 dy).

Step 4: Integrate over the window.

2
F = 9800 / 2y dy = 9800 [y?]:
0.5 '

= 9800(4 — 0.25) = 9800(3.75) = 36,750 N.

F = 36,750 N
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Calculus II Section 2-4: Hydrostatic Force

Question 2

An inverted triangular gate has top width (6) ft at the surface and vertex (4) ft deep. Find the force
(v = 62.41b/ft3).

water surface
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Calculus II Section 2-4: Hydrostatic Force

Question 2 — Solution

6 ft
-— >

rater surface

=Y
4 ft

Step 1: Choose the depth variable. Let y be depth below the water surface. The gate extends from
y=0toy=4"ft.

Step 2: Find the width of the gate at depth y. The width decreases linearly from 6 ft at y = 0 to
0 ft at y = 4. Its slope is

0-6_ 3

4-0 2

SO 3
=6— —y.

w(y) 5Y

Step 3: Write the force on a horizontal strip. At depth y,
p(y) = 62.4y 1b/ft?, dA = w(y) dy.

Thus 5
dF = 62.4y <6 — 2y> dy.

Step 4: Integrate and evaluate.

4 3
F:62.4/ y<6y) dy
JO 2
4 3
=62.4 / <6y — yz) dy
JO 2

1 4
=62.4 {3;,2 — yﬂ
2 0

= 62.4(48 — 32) = 62.4(16) = 998.4 Ib.

F =998.41b

~—
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Calculus II Section 2-4: Hydrostatic Force

Question 3

A vertical circular porthole of radius 1 m has center 3 m below the water surface. Use water weight density
9800 N/m?. Find the force without integrating strips.

water surface

3 m p=Y
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Calculus II Section 2-4: Hydrostatic Force

Question 3 — Solution

water surface

Step 1: Use the centroid form of the hydrostatic-force formula. For a submerged vertical plane
region,
F=~Ay,

where A is its area and g is the depth of its centroid.
Step 2: Find the area of the porthole. The radius is 1 m, so

A=mr? =7(1)? =7 m*

Step 3: Identify the centroid depth. The centroid of a circle is its center, which is 3 m below the
surface. Therefore,
Yy =3 m.

Step 4: Substitute.

F = (9800)(r)(3)
= 29,4007 N.

\F = 29,4007 N\

No strip integration is needed because the area and centroid depth are known.
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Calculus II Section 2-4: Hydrostatic Force

Question 4

Oil has weight density 8000 N/m®. A trapezoidal plate is (1) m wide at its top, (3) m wide at its bottom,
(2) m high, with top depth (1) m. Find the force.

water surface

1m
-~
pP=7Y
-
-~ »
3 m
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Calculus II Section 2-4: Hydrostatic Force

Question 4 — Solution

water surface

1 m
o
pP=7Y
-
- »
3 m

Step 1: Choose the depth variable. Let y be depth below the oil surface. The plate begins at y = 1
and ends at y = 3 m.

Step 2: Find the width at depth y. The width grows linearly from 1 m at y =1 to 3 m at y = 3.
The slope is

so the linear width function is
w(y) =y, 1<y<3.

Step 3: Write the force on a horizontal strip.
p(y) = 8000y,  dA =w(y)dy =ydy.

Hence
dF = p(y) dA = 8000y dy.

Step 4: Integrate and evaluate.

3 yg 3
F = 8000 / y? dy = 8000 [}
1 3 1

8000 208000
=227 -1)= N.
3 ) 3
2
7= 208000 693333 N
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Calculus II Section 2-4: Hydrostatic Force

Question 5

Two equal-area vertical plates are fully submerged in the same liquid of constant weight density, with centroid
depths 3 m and 5 m. Compare their hydrostatic forces without knowing their shapes.

water surface

equal area; centroid depths 3,5 m
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Calculus II Section 2-4: Hydrostatic Force

Question 5 — Solution

water surface

equal area; centroid depths 3,5 m
p=7Y
<_

Step 1: Use the centroid formula. For any vertical plane region submerged in a liquid of constant weight
density,

F =~Ay.

Step 2: Write the force on each plate. Let the common area be A. If Plate 1 has centroid depth 3
m and Plate 2 has centroid depth 5 m, then

Step 3: Compare the forces.

Fy ~yA(5) 5

Fl_’YT(?’)_gl

The shape does not affect this comparison because both plates have the same area; only the centroid depth
differs.

)
FQ - gFl

Thus the deeper plate experiences 66%% more force.
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Calculus II Section 2-4: Hydrostatic Force

Question 6

A 2 x 2 m square gate has its top at the surface. Find the depth d of the center of pressure, where d = M/F.

water surface
d=4/3m
pP=7Y
P E—
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Calculus II Section 2-4: Hydrostatic Force

Question 6 — Solution

water surface
Id =4/3m
pP=7Y
P E—

Step 1: Set up the hydrostatic force. Let y be depth below the surface. The gate has constant width
2 m and extends from y = 0 to y = 2. Thus

dF = (9800y)(2dy).

Therefore,
2 y? 2
F = 9800/ 2y dy = 19600 {}
0 2 o

= 39,200 N.

Step 2: Find the moment of the pressure force about the surface. The moment arm of the strip
force is y, so

2 2
M:/ de:9800/ 242 dy
0 0

3 2
1
— 19600 {y} _ 156800 o )
0

3 3

Step 3: Divide moment by total force.

d = — = 3 =
F 39200

Mo 156800 4
3

4
d= 3 m below the surface

The center of pressure lies below the geometric center at depth 1 m because pressure increases with depth.
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Calculus II Section 2-4: Hydrostatic Force

Question 7

A rectangular dam face is b meters wide and extends from the surface to depth h. Derive F'(h). If h doubles,
by what factor does F' change?

water surface
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Calculus II Section 2-4: Hydrostatic Force

Question 7 — Solution

water surface

Step 1: Choose the depth variable. Let y measure depth below the surface. The dam face extends from
y=0toy=h.

Step 2: Write the force on a horizontal strip. The pressure is p(y) = vy, and a strip of width b
and thickness dy has area dA = bdy. Therefore,

dF = p(y) dA = ~by dy.
Step 3: Integrate from the surface to depth h.

h
F(h)=7b/ ydy
0
h

2

Y 1 2
=b [} = —~ybh~.
21, 2

1
F(h) = iyth

Step 4: Determine the effect of doubling the depth.

F(2h) = %7b(2h)2 =4 (;yblﬂ) = 4F(h).

’ Doubling h multiplies the force by 4. ‘
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Calculus II Section 2-4: Hydrostatic Force

Question 8

A semicircular gate of radius R has its diameter along the water surface and lies below it. Find the force
using centroid depth 4R/(3).

water surface
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Calculus II Section 2-4: Hydrostatic Force

Question 8 — Solution

water surface

Step 1: Use the centroid form of hydrostatic force. For a submerged vertical plane region,
F =~Ay.
Step 2: Find the area of the semicircle.
1
A= -nR%.
57
Step 3: Use the given centroid depth. Because the diameter lies on the water surface and the

semicircle lies below it,

Step 4: Substitute and simplify.

The factors of 7 cancel because the semicircle’s area contains 7 while its centroid depth contains 1/7.
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Calculus II Section 2-4: Hydrostatic Force

Question 9

A student uses constant pressure at the bottom of a 3-m-tall vertical rectangular gate. Explain the resulting
bias and find the ratio of this estimate to the true force when the top is at the surface.

water surface

,,,,,,,, average depth

bottom-pressure estimate
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Calculus II Section 2-4: Hydrostatic Force

Question 9 — Solution

water surface

,,,,,,,, average depth

bottom-pressure estimate

Step 1: Write the student’s estimate. The student applies the bottom pressure p = (3) uniformly

over the entire gate of area A. Thus
Fost = 3’7‘4

Step 2: Find the true force. For a rectangular gate extending from the surface to depth 3 m, the

centroid is at the average depth
_ 0+3 3
= —— =-m.
YT T
Therefore,

3
Firue = YAy = ifyA.
Step 3: Compare the estimate with the true force.

Fest o 3"}/14 o
Ftrue B %’YA N

2.

Thus the estimate is twice the true value:

[Fost = 2Fhrne |

Step 4: Express the bias as a percent error.

Fest - Ftrue

2 x 100% = (2 — 1)100% = 100%.
true

The bottom-pressure estimate is 100% too high.
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Calculus II Section 2-4: Hydrostatic Force

Question 10

A horizontal hatch of constant area A > 0 is slowly lowered from depth d to d 4+ h, where d, h > 0. Assume
an upward resisting hydrostatic force F(y) = vAy at depth y, with constant weight density v > 0. Find the
work done against this force, ignoring other forces.

J water surface
d
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Calculus II Section 2-4: Hydrostatic Force

Question 10 — Solution

J water surface
d

————
=Y
<_
h

Step 1: State the force model. Assume the hydrostatic force resisting the downward motion has
magnitude
F(y) = p(y)A = yyA,
where y is the hatch depth. The area A is constant.
Step 2: Write a differential amount of work. Moving the hatch through a small downward distance
dy requires
dW = F(y) dy = yAy dy.

Step 3: Integrate over the change in depth. The hatch moves from y =d to y = d + h, so

d+h
W:/ YAy dy
d
o d+h
Yy
—~A |
4 5]
_4

5 (d+h)*>—d?).

d

Step 4: Simplify.

W:ﬁ(d2+2dh+h2—d2)

2
2
—'yA<dh+hQ).

h2
W = ’}/A <dh+ 2)

This is the external work under the stated resisting-force assumption.
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Calculus II Section 2-5: Probability

Question 1

A sensor error has density f(z) = ¢(1 —2?), —1 <z < 1. Find ¢ and P(|X| < 1/2).
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Calculus II Section 2-5: Probability

Question 1 — Solution

|

|

|

|

|

|

|

|

|

:
—1 —0.5 0.5 1
Step 1: Use the normalization condition. A probability density must have total area 1:

120/1(1—x2)dx.

-1

Step 2: Evaluate the normalization integral.
1 371
/ (1 —2%) de = [x—m}
1 3],
_2 2\ _
=3 )=

-3

Thus

Step 3: Translate the event.

1 1 1
X - = <X < -,
| |<2 2< <2

Step 4: Integrate the density over this interval.

1 1/2
P <|X| < ) = / (1—2%)dx
2 —1/2
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Calculus II Section 2-5: Probability

Question 2

A waiting time has f(t) = Ae™**, ¢ > 0. Find the median in terms of .

f)
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Calculus II Section 2-5: Probability

Question 2 — Solution

Step 1: Use the definition of a median. The median m satisfies

1

m 1
/ e Mdt = =.
0 2

Because T' > 0,

Step 2: Evaluate the integral.

=1—e M
Therefore,
1
1—e M =_,
2
Step 3: Solve for m.
67/\m — 1’
2
A 1 L In2
— =In{=)=-1In
m 5 ,
_In2
m=—
2
TN

Since A > 0, the median is positive as expected.
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Calculus II Section 2-5: Probability

Question 3

A random point is chosen uniformly on [0, 10]. Given X > 3, find P(X > 7| X > 3).

f(=)
0.15

0.1

|

|

| |

| :

| |

5-1072 ; ;
| |

| |

| |

| |
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Calculus II Section 2-5: Probability

Question 3 — Solution

f(=)
0.15

0.1

.10

ut

Step 1: Identify the two events. Let
A={X>T7}, B={X > 3}.

Because A C B, we have AN B = A.
Step 2: Apply conditional probability.
P(ANB) P(A)

PATE="p@) = BBy

Step 3: Use uniform interval lengths. On [0, 10], probability equals interval length divided by 10:

10 —
_0-T_ 3 P(X > 3)

o 10-3 7
10 10’ o

P(X>1) 0= 10

Step 4: Form the ratio.
3

PX>T7[X>3)=2=_.
10

3
P(X>7|X>3):?

Equivalently, after conditioning on X > 3, the available interval is (3, 10], and the favorable portion (7, 10]
has length 3 out of 7.
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Calculus II Section 2-5: Probability

Question 4

A density is f(z) = kx on [0,a], where a > 0, and is zero elsewhere. Determine k, the CDF, and the
p-quantile.

0.8 4
f(z)
0.6

0.4+

I
I
I
!
I
0.2 :
I
I
I
L

0.5 1 1.5 2 2.5 3
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Calculus II Section 2-5: Probability

Question 4 — Solution

0.8 %

f(@)

0.6 +

04+

0.2+

Step 1: Normalize the density.

Hence

a2

Step 2: Build the CDF on the support. For 0 < z < a,

* ot
0o @
2 [¢2]7 a?
a2 |2 0 a?’
Thus the complete CDF is
0, z <0,
22
F(z) = —5 0<x<a,
a
1, T > a.

Step 3: Solve the quantile equation. The p-quantile g, satisfies F'(g,) = p:

Since ¢, > 0,
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Calculus II Section 2-5: Probability

Question 5

Two densities on [0,1] are f(z) = 2z and g(z) = 2(1 — z). Compare their means without integration by
identifying a reflection.

density — fla)=22z
g(@) = 2(1 - 2)

0.2 0.4 0.6 0.8 1 1.2
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Calculus II Section 2-5: Probability

Question 5 — Solution

density

—g(a;)

2(1 —x)

0.2 0.4 0.6 0.8 1 1.2

Step 1: Identify the reflection.
fA—z)=2(1-2) =g(z).
Therefore, the graph of g is the reflection of the graph of f across x = 1/2.

Step 2: Find the mean of f geometrically. The area under f(z) = 2z is a right triangle with
vertices

(0,0), (1,0), (1,2).
The z-coordinate of a triangle’s centroid is the average of its vertex x-coordinates:

C0+1+1 2

=3 =3

Step 3: Reflect the mean. Reflection across = 1/2 sends a location x to 1 — z. Hence

2 1

ugzl—ule—?):g.
2 1
Mf:§7 Mg:§

As a check, the two reflected means add to 1.
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Calculus II Section 2-5: Probability

Question 6

For f(z) = 6x(1 —z), 0 <z <1, find Var(X). Use symmetry for the mean.

f(x) p=1/2

1.5 ‘
|
1
1 l
|
|
1
0.5 :
|
1

: T
|

0.2 0.4 0.6 0.8 1 1.2
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Calculus 11 Section 2-5:

Probability

Question 6 — Solution

15 1/@) n=1/2
|
|
1 l
|
|
05 !
| .
1
02 04 06 08 1 1.2

Step 1: Use symmetry to find the mean. The density satisfies

f(l =) =6(1 —z)z = f(x),

so it is symmetric about 2 = 1/2. Therefore,

1
3485 23 _6_3
2" 75 275

Step 3: Apply the variance formula.

Var(X) = E[X?| — (E[X])?

[N~}

_3 (!
10 2
3 1_1
10 40 20
1
Var( ):%
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Calculus II Section 2-5: Probability

Question 7

A proposed density is f(z) = 3(1 —2?) on [0,1]. Is it valid? If not, repair only the constant.

1.5

0.5

total area = 1

0.2 0.4 0.6 0.8 1 1.2
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Calculus II Section 2-5: Probability

Question 7 — Solution

total area = 1

0.2 0.4 0.6 0.8 1 1.2
Step 1: Check nonnegativity. For 0 < x <1,
1—22>0,

fa)= 20 -4 20

Step 2: Check the total area.

1f(:lc) dx = 3 1(1 —2%) da
0 2 Jo

SO

Step 3: State the conclusion. The function is nonnegative on its support and integrates to 1.
Therefore it already satisfies both requirements for a probability density.

The proposed density is valid; no repair is needed. ‘

If the constant had been unknown, normalization would give ¢(2/3) = 1, hence ¢ = 3/2.
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Calculus II Section 2-5: Probability

Question 8

A lifetime satisfies P(X > t) = e~ (/3 t > 0. Find its density and P(3 < X < 4).

0.2
f)
0.15

0.1

5.1072

T S S
. _________
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Calculus II Section 2-5: Probability

Question 8 — Solution

0.2
f(@t)
0.15

0.1

5-1072

wr————————

Step 1: Convert the survival function to the CDF. For ¢ > 0,
PX >t)= e~ (t/5)° — —t7/25,

Therefore,
F)=P(X<t)=1-P(X >t)=1—¢ "/,

Step 2: Differentiate to obtain the density.
ft) = F'(t)

e

_ e s,
25 =

Also, f(t) =0 for t <0.
Step 3: Compute the interval probability. Using the CDF,

P(3< X <4)=F(4) — F(3)

_ (1 _ 6—16/25) _ (1 _ e—9/25>

— o—9/25 _ ,—16/25

P(3< X <4)=e 92 _16/25

The same result follows by integrating f(¢) from 3 to 4.
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Calculus II Section 2-5: Probability

Question 9

Choose ¢ so f(z) = c/x3, x > 1, is a density. Determine whether F[X] and E[X?] are finite.

)

tail extends to oo
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Calculus II Section 2-5: Probability

Question 9 — Solution

Qfm)

tail extends to oo

Step 1: Normalize the density.

|

)

|
DO
S| =
[\v)
| I
-8

|
o

Thus

Step 2: Test the first moment.

Therefore, the mean is finite.
Step 3: Test the second moment.

For an upper cutoff b,

Thus the second moment diverges.

Consequently, Var(X) is also infinite.
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Calculus II Section 2-5: Probability

Question 10

A continuous random variable has CDF F(x) = 0 for < 0, F(z) = 2?/(1+ 2?) for x > 0. Find the density
and P(1 < X < 3).

1 F(x)

Wt —mmmm——— o ————
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Calculus II Section 2-5: Probability

Question 10 — Solution

Step 1: Differentiate the CDF on each interval. For z < 0, F(z) =0, so f(z) =0. For > 0,

d x?
~ 22(1 + 2?) — 2?(22)
=T (v
2z
(1+22)%

The CDF is continuous at x = 0, so there is no point mass there. Hence

0, z < 0,
f(z) = 2
Az ©20

Step 2: Use the CDF to compute the interval probability. For a continuous random variable,

P(1< X <3)=F(3)—F(1).

Now ) )
3 9 1 1
F(3) = = — F(l) = = —.
3) 1+32 10’ (1) 1+12 2
Step 3: Subtract.
_ 5 _2
10 5
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