Calculus II Section 1-1: Integration by Parts

Question 1

Evaluate by tabular integration:

/ 23e?* dx.
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Calculus II Section 1-1: Integration by Parts

Question 1 — Solution

We use tabular integration because repeatedly differentiating the polynomial 23 eventually gives zero. Dif-
ferentiate in the D column and integrate in the I column. The signs alternate, beginning with a plus
sign.

Sign | D 1

+ 23 ﬁ

2

6{1/’

_ 32 | —

B

e.’IJ

6 -

+ T 3

€2w

B 16
0

For example, each entry in the integration column is obtained using

1
/6236 dr = ~e**,
2

so every step down that column introduces another factor of %
Now multiply across each row, pairing each entry in the derivative column with the entry in the integration
column on the same row, and use the indicated signs:

2x 2x 2x 2x
320 3. 3(€7\ o, 2f€7 N _qlEC
/xe dxa:<2) 3z(4>+6x(8> 6(16>+C’

Therefore,

As a check, differentiating the answer gives

d [ op (23 322 3z 3 3 2
dx[ <24+48 —ren

which is the original integrand.
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Calculus II Section 1-1: Integration by Parts

Question 2

Find the unique constant a such that

1
/ e dr = 1.
0

Give the defining equation and a numerical value.
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Calculus II Section 1-1: Integration by Parts

Question 2 — Solution

First consider the special case a = 0. In that case,

1 1 21
T 1
/ xeoxdac:/ xdr=—| == # 1.
Therefore, a = 0 is not a solution, so we may assume that a # 0.
To evaluate the integral, use integration by parts with
u =z, dv = e dzx.
Then i
e{ll
du = dz, v=—-.
a
Using [udv = uv — [ vdu, we obtain
1 az |1 1
xe 1
/ xe dx = — f/ e dx
0 a Jg @Jo
xeaa: 1 eaw 1
T a 0 - a? 0
et e —1
a a?
_ae —e*+1
= —
_ea—-1)+1
= —
We want this integral to equal 1, so
e“la—1)+1
2 =1,
a

Thus, the defining equation is

e“(a—1)+1=ad*|

Substituting a = 1 verifies that it satisfies the equation:
dl-1)+1=1=12

Hence, a = 1 is a solution.
To see that it is the only solution, define

Differentiating with respect to a gives
1
F'(a) = / 22" dx > 0
0

for every real a. Therefore, F' is strictly increasing and can equal 1 for at most one value of a. Since F(1) = 1,

the unique constant is
a = 1.0000 |
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Calculus II Section 1-1: Integration by Parts

Question 3

Consider the integral

/x2er dx.

A student makes the integration-by-parts choice

u=e", dv = 2% dx.

Explain why this choice does not simplify the integral. Then evaluate the integral efficiently using a better
choice of v and dv.
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Calculus II Section 1-1: Integration by Parts

Question 3 — Solution

Recall the integration-by-parts formula

/uduzuv—/vdu.

With the student’s choice © = e and dv = 22 dx, we have

8

du = e* dzx, v=—.

3 3
/x%”dxze” 9;) —/%e”dm

3, x 1
:che —g/x:ge”’da:.

Therefore,

The polynomial degree has increased from 2 to 3, so the remaining integral is more complicated. Repeating
this choice would keep increasing the degree.
Instead, choose
uw=2x? dv=e"dx, du=2xdr, v=-¢e".

/xzez dx = x%e® — /2xez dx

= 2%e® — 2/:867” dx.

Applying integration by parts gives

For the remaining integral, use integration by parts again:

u=ux, dv=e"dr, du=dx, v=2¢".
Thus,
/xezdﬂc:xem —/e"”dx
= ze® — e”.

Substituting this result into the original calculation gives

/xQe‘T dr = r?e” — 2 (ze” — ) + C

= 2%e® — 22e” + 26" + C
:e“"(x272:r+2)+0.

/xQerdx:ez(xQ—Qa:—&—Z)—kC

Check by differentiating:

% [e” (2* — 22+ 2)] =€ (2° — 224+ 2) + €"(22 — 2)

which is the original integrand.
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Calculus II Section 1-1: Integration by Parts

Question 4

Define
I, = /m”ez dzx, n > 1.

Use integration by parts to derive a recurrence relation connecting I,, and I,,_;. Then use the recurrence to
evaluate Iy.
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Calculus II Section 1-1: Integration by Parts

Question 4 — Solution

Start with

I, = /x"e‘r dx.

u=z", dv=e"dx, du =nz" ldz, v=_¢€".

To reduce the power of x, choose

Using [udv = uv — [ vdu, we obtain

I, =x"e® — /em (nx”fl) dx

Since I,,_1 = f 2" Le® dx, the recurrence relation is

‘In =z"e” —nl,_1 ‘

Here, as usual for indefinite integrals, the constant of integration is added after the recurrence has been
applied. The base case is
I :/exdx:em.

I =ze® — Iy =xe® —e® =e"(x — 1),

Now apply the recurrence repeatedly:

I = 2%e" — 214

= 2% — 2" (x — 1) = *(2* — 22 + 2),
I3 = 23e® — 31,

= 13" — 3" (2 — 22+ 2)

= e”(2® — 32% 4 62 — 6),
I, = 2%e® — 4,

= xte® — 4e” (2 — 322 + 6z — 6)

= e%(2t — 423 4 1227 — 24z + 24).

Therefore,

I, = /x46”” dr = e* (2" — 4a® + 1227 — 242+ 24) + C

Indeed, differentiating the result gives

d
. [e” (2! — 42® + 122 — 24z + 24)] = " (2" — 42® + 122° — 24z + 24)
X
+ e” (4a® — 1222 + 242 — 24)
_ x4ew7

which confirms the answer.
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Calculus II Section 1-1: Integration by Parts

Question 5

Evaluate the cyclic integral

/ e*® cos(3z) dx

using integration by parts. Do not guess the form of the antiderivative.
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Calculus II Section 1-1: Integration by Parts

Question 5 — Solution

Let
1= /62”” cos(3x) dz.

For the first integration by parts, choose

1
u=cos(3z), dv=e>"dux, du = —3sin(3z) dz, v= 5621.
Using [udv =uwv — [vdu, we get
1 2x 1 2z :
I= 3¢ cos(3x) — ¢ (—3sin(3z)) dx
1 2x 3 2z s
=3¢ cos(3x) + 5/¢ sin(3x) dz.
Now evaluate the remaining integral. Let
J = /62”” sin(3x) dz.
Use integration by parts again with
1
u=sin(3z), dv=e**dux, du = 3cos(3z)dx, v= 562‘76.
Then
_ 1 2x _ § 2
J = 5¢ sin(3x) 5 | € cos(3x) dx
1 3
= 5627” sin(3z) — 5[.
Substitute equation (2) into equation (1):
_ 1o 31 o 3
I= 5¢ cos(3x) + 5 (26 sin(3x) 2[)
1 3 9
= —e* cos(3x) + ~e*sin(3z) — ~ 1.
4 4
Move the I-term to the left and solve:
9 1 3
I+ 1[ = ieh cos(3z) + 162'"’3 sin(3x),
13 1 3
ZI = 5629“ cos(3x) + 162”3 sin(3z),
eZm
1= EF) (2cos(3z) + 3sin(3x)).
Therefore,
2x
/62’” cos(3z) dx = 61—3 (2cos(3z) + 3sin(3z)) + C
To check, differentiate the antiderivative:
4 ﬁ (2cos(3z) + 3sin(3z)) | = & [2(2 cos(3z) + 3sin(3z))
dx | 13 13

— 6sin(3z) + 9 cos(3z)]

= 2" cos(3x),

which is the original integrand.
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Calculus II Section 1-1: Integration by Parts

Question 6

Use integration by parts to prove that

/01 In(x)dz = —1.

Because In(z) is unbounded as z — 07T, be sure to treat the lower endpoint correctly as an improper integral.
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Calculus II Section 1-1: Integration by Parts

Question 6 — Solution
The function In(x) is not defined at z = 0 and satisfies

lim 1 = —o0.
Jig, In(e) = —oo

Therefore, we must interpret the integral as

1 1
/ In(z)dz = lim In(x) dz.
0

e—=0t /o

For € > 0, evaluate the proper integral by integration by parts. Choose
u=1In(x), dv=dx, du=—dzr, v=uzx.

Using [udv = uv — [vdu, we obtain

/:m(x) dz = zln(z)|! - /:x (;) dx

Now substitute the bounds:
1
/ In(z) dz = (1In(1) — 1) — (eln(e) —¢)
=—-1—-cln(e) +e.

It remains to evaluate the indeterminate endpoint term. Rewrite it as

In(e)
1/e

eln(e) =

As e — 0T, this has the form —oo/co. By I’'Hopital’s rule,

. 1/e
al—lgl* 6111(6) B 51—1>I(IJ1Jr T/E—ZQ
= lim (—¢) =0.

e—=0t

Also, lim,_,g+ € = 0. Hence,

1
/ In(z)dr = lim (=1 —¢eln(e) +¢)
0 e—0t

=—1.

Therefore, the improper integral converges and

/Olln(x)dm:—l.

This sign is reasonable because In(x) < 0 for 0 < x < 1.
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Calculus II Section 1-1: Integration by Parts

Question 7

Find an antiderivative F' of
f(x) = arcsin(z), —-l<z<l,

that satisfies the initial condition
F(0) =2.
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Calculus II Section 1-1: Integration by Parts

Question 7 — Solution

We begin by evaluating
/arcsin(x) dz.
Since the integrand can be viewed as arcsin(z) - 1, use integration by parts with

1
u = arcsin(z), dv=dz, du = —dz, v=ux.

Vv1—a22

Using [udv = uv — [ vdu, we obtain

x
arcsin(z) dor = x arcsin(z) — / ——dx.
V1—2?

To evaluate the remaining integral, let

w=1-2%

Then 1
dw = —2xdzx, rdr = —5 dw.

Therefore,

X o 1 71/2
[ rmmte == f o

- )

Substitute this result into equation (1):
/arcsin(ac) dx = x arcsin(z) — (—\/ 1- x2) +C
= zarcsin(z) + V1 —a?2 4+ C.
Thus, the general antiderivative is

F(z) = zarcsin(z) + V1 — 22+ C.
Now apply the condition F(0) = 2:
F(0) =0-arcsin(0) + v1—-02+C
=1+4+C.

Hence,
1+C =2 = Cc=1.

Therefore, the required antiderivative is

F(z) = zarcsin(z) + V1 —22+1|

To verify, differentiate:

xT x

V1= a2 _\/1—3:2

F'(z) = arcsin(z) +

= arcsin(z).

Also, F(0) =0+ 14 1 =2, so both requirements are satisfied.
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Calculus II Section 1-1: Integration by Parts

Question 8
Reverse engineer an antiderivative by finding a quadratic polynomial P(z) such that

d x _x(.2
%[e P(z)] = e"(z* + 1).

Determine P(z) and verify that it satisfies the equation.
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Calculus II Section 1-1: Integration by Parts

Question 8 — Solution

We want to choose P(x) so that differentiating e* P(x) produces the given expression. By the product rule,

4 [e*P(z)] = e*P(z) + " P'(z)

dx
= ¢ (P(z) + P'(x)).

Thus, the required identity

d

. [e” P(x)] = e* (2% + 1)
will hold if

P(z) + P'(x) = 2* + 1. (1)

Because P is quadratic, write
P(z) = ax® + bx + ¢,

where a, b, and ¢ are constants. Then
P'(z) = 2az +b.

Adding P(x) and P’(z) gives

P(z) + P'(x) = (az® 4+ bz + ¢) + (2ax + b)
=az?® + (b+2a)x + (¢ +b).

Equation (1) requires this polynomial to equal
2?2 +1=12> 40z + 1.

Matching coefficients of like powers of = yields

a = 1, coefficient of 22,
b+2a = 0, coefficient of z,
c+b = 1, constant term.

Solve the equations in order. Since a = 1,
b+2(1)=0 == b= -2

Then
c+(-2)=1 = c=3.

Therefore,

‘P(x):1272x+3.

Finally, verify the result. Since P'(z) = 2z — 2,

4 [e”(2® — 22+ 3)] = e”(2® — 20+ 3) + " (22 — 2)
T

:ew(x2—2x+3+2a:—2)
e’ (2 + 1),

which is the required expression.
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Calculus II Section 1-1: Integration by Parts

Question 9

Evaluate

1
/ zarctan(x) dzx.

-1

Before using integration by parts, exploit the symmetry of the integrand to simplify the calculation.
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Calculus II Section 1-1: Integration by Parts

Question 9 — Solution

Let
f(x) = zarctan(x).

Both z and arctan(z) are odd functions. Therefore, their product is even:

f(=z) = (—x) arctan(—zx)
= (—x)(— arctan(z))

= zarctan(z) = f(z).

Consequently,
1 1
/ zarctan(x) dr = 2/ x arctan(z) dz. (1)
—1 0

Now use integration by parts on the integral over [0, 1]. Choose

1 x?

:de, v = —.

u = arctan(z), dv=xdx, du 5

Then

1 2 1 1 2

1
/ x arctan(x) de = T arctan(z)| — 7/ LQ dx.
0 2 0 2 0 1 + X

Multiplying by 2 as in equation (1) gives

$2

X 1
/ rarctan(z) de = 2 arctan(x)|(1) — /
0

-1
For the remaining integral, rewrite the integrand:

x? 1+2%) -1 1
= =1- .
1+ 22 1+ 22 14 22

1 2 1
1
| rrmde= [ (1) @
o 1+22 0 1+ 2?2

=[xz - arctan(z)]é
—1-
4

Therefore,

The boundary term in equation (2) is
z? arctan(x)|é = 1% arctan(1) — 02 arctan(0) = %

Substituting both results into equation (2),

1
T T
tan(z) d =f—(1—7)
/_lacarc an(z) dz 1 1
T
2

Thus,

1
/ x arctan(z) do = T_q|
) 2

The answer is positive, as expected, because the even integrand is nonnegative on [—1,1].

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-1: Integration by Parts

Question 10

For n > 0, evaluate the improper integral

1
Jn:/ 2" In(z) dz.

0

Then describe the sign and limiting behavior of J,, as n — oc.
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Calculus II Section 1-1: Integration by Parts

Question 10 — Solution

Because In(z) — —oco as z — 0T, write the integral as

1

Jp = lim " In(z) dz.
e—=0t /o

For € > 0, use integration by parts with

xn—i—l

n+1

1
uw=In(z), dv=az"dz, du = ;dm, v =

This choice is valid because n > 0, so in particular n + 1 # 0. Using [ udv = uv — [ v du, we obtain

1 n+11 1 1 1
/ 2" In(z) dx = z n@)| / " dx
c n+1 |, n+1]/
n+11 1 n+1 1
_ n(z)|" w . (1)
n+1 |, (n+1)2|,

We must evaluate the boundary term at x = 0. Since n + 1 > 0,

In(zx)
. n+1 T
wllg)l"' v ln(ZC) o wllg)l‘*' x*("“) ’
This has the form —oo/oo. By ’'Hépital’s rule,
lim In(x) _ 1 1/x
a—0t =t 250+ —(n 4+ 1)z~ (n+2)
anrl

lim — =
z—0+ mn+1

Also, lim,_,o+ 2"*! = 0. At the upper endpoint, In(1) = 0. Therefore, taking ¢ — 07 in equation (1) gives

g 1"+11n(1) 1"+t —0
" o+l (n+1)2

1

- (n+1)2

Hence,
1
Jp=—7—"""1
(n+1)?

For every n > 0, J,, < 0, which agrees with In(z) < 0 on 0 < z < 1. Moreover, as n — oo,

lim J, = lim — 1 0.

The values increase toward zero through negative values. In short,

J, — 0" as n%oo‘.
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Calculus II Section 1-2: Trigonometric Integrals

Question 1

Evaluate

/ sin®(z) cos*(z) dz.

Explain why separating one factor of sin(x) is an efficient strategy.
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Calculus II Section 1-2: Trigonometric Integrals

Question 1 — Solution

The power of sine is odd, so separate one sine factor:
sin®(z) = sin*(z) sin(x).

The remaining even power can be converted using sin®(z) = 1 — cos?(z):
sin?(z) = (1 — cosz(x))Q.

Thus,
/sin5 (z) cos*(z) dx = /(1 — cos? (CE))Q cos?(z) sin(z) dz.

Let
u = cos(x), du = —sin(z) dz.

Then the integral becomes
- /(1 —u?)?ut du = — /(1 —2u? + uMut du

:—/(u4—2u6+u8)du

Substituting u = cos(x) gives

5 5 2 cos” 9
/sin"(aj) COS4(Z‘) dr — _COSS(x) + 0057 (Jf) _ COSg(x) el

Separating one sine factor is efficient because it supplies the differential — sin(z)dx while every remaining
factor becomes a polynomial in u.
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Calculus II Section 1-2: Trigonometric Integrals

Question 2

Use power-reduction identities to evaluate

w/2
/ sin?(z) cos?(z) dz.
0
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Calculus II Section 1-2: Trigonometric Integrals

Question 2 — Solution

Begin with the double-angle identity
sin(2x) = 2sin(x) cos(x).

Squaring both sides gives

1
sin?(z) cos?(z) = 1 sin?(2x).

Now use sin?(f) = 1_%5(29) with 6 = 2x:

1
sin?(z) cos?(z) = A (1 — cos(4x)).
Therefore,
/2 1 /2
/ sin?(z) cos?(z) dz = 3 / (1 — cos(4x)) dx
0 0
/2
1 1
= g |:.I‘ — 1 Sin(4$):|0

Evaluate the endpoints:

Hence,
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Calculus II Section 1-2: Trigonometric Integrals

Question 3

Find the average value of

f(@) = sin’(x)

over one full period.
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Calculus II Section 1-2: Trigonometric Integrals

Question 3 — Solution

We may use the interval [0, 27], whose length is 27. The average-value formula is

1 27
fave = %/0 sin?(x) de.

Apply the power-reduction identity twice:

(1 — cos(27) ) 2
sint(z) = (| —————=
1 2
=1 (1 — 2cos(2x) + cos*(2z))
1 1 5(4
=1 1 —2cos(2z) + W)
_3-4 cos(2x) + cos(4x)
S .
Thus,
Faoe = 1 ™ 3 — 4cos(2z) + cos(4x) i
1 1 27
= Ton [320 — 2sin(2z) + 1 sin(4x) .
1 3
Tor =g

The sine terms vanish because their values are zero at both endpoints. Therefore,

3
favg*g .
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Calculus II Section 1-2: Trigonometric Integrals

Question 4

Evaluate

/tan7 (z) sec?(x) dx

without converting the integrand entirely to sines and cosines.
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Calculus II Section 1-2: Trigonometric Integrals

Question 4 — Solution
The factor sec?(x) dz is exactly the differential of tan(z), so let
u = tan(x), du = sec?(x) da.

Then

/ tan” (z) sec?(z) da = / o7 du

Substitute u = tan(x):

As a check,
8 1 7 2
— [ tan (m)} =3 -8tan’(x) sec” (z)
= tan’(z) sec*(x),

which is the original integrand.
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Calculus II Section 1-2: Trigonometric Integrals

Question 5

Evaluate

/ sec®(z) tan®(z) dx

by saving a factor of sec(z) tan(z) for substitution.
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Calculus II Section 1-2: Trigonometric Integrals

Question 5 — Solution
Separate one factor of sec(x) tan(x):

sec®(z) tan® (z) = sec’ (z) tan®(z) (sec(z) tan(z)).
Use tan?(z) = sec?(z) — 1 to rewrite the remaining tangent power:

sec’(z) tan®(z) = sec* (z) (sec®(z) — 1).

Now let
u = sec(x), du = sec(z) tan(z) dz.
The integral becomes
/u4(u2 —1)du= /(u6 —ut)du
o’ 5
=—-—+C
7 5 *
Substituting u = sec(z) gives
5 3 L7 L5
sec”(x) tan”(x) dx = 7 sec (z) — 7 sec (z)+C|

Saving sec(x) tan(x) is useful because it supplies du, while the identity converts all remaining factors into
powers of u.
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Calculus II Section 1-2: Trigonometric Integrals

Question 6

Use a product-to-sum identity to evaluate

/ sin(52) cos(2) dz.
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Calculus II Section 1-2: Trigonometric Integrals

Question 6 — Solution
Use the product-to-sum identity
sin(A) cos(B) = % sin(A + B) +sin(A — B)].

With A = 5z and B = 2z,
1
sin(5z) cos(2z) = 3 [sin(7z) + sin(3z)].

Therefore,
1
/sin(5x) cos(2z) dx = B /[sin(?m) + sin(3z)] dx
1 1 1
B (—7 cos(7z) — 3 005(335)) +C
= ficos(7 ) — 1cos(?) )+ C
=1 ©) =5 x :
Hence,

1 1
/sin(5a:) cos(2z) dx = 1 cos(7x) — g cos(3z) + C'|.

Differentiating gives

1 1
5 sin(7x) + 5 sin(3z) = sin(5x) cos(2z),

confirming the answer by the same product-to-sum identity.
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Calculus II Section 1-2: Trigonometric Integrals

Question 7

Determine all integers m,n > 1 for which

/27T sin(mz) cos(nx) dz # 0.

0

Justify your conclusion using a product-to-sum identity.

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-2: Trigonometric Integrals

Question 7 — Solution

Use
sin(A) cos(B) = % [sin(A + B) +sin(A — B)].

Setting A = max and B = nx gives

sin(max) cos(nx) = % [sin((m 4 n)z) + sin((m — n)z)]. (1)

For every nonzero integer k,

/:ﬂ sin(kx) dx = [_ Cosl(fx)} 27

0
— cos(2mk) + cos(0)
- ; =0,

because cos(27k) = 1. Since m + n > 2, the first sine term in equation (1) always integrates to zero.
If m # n, then m — n is a nonzero integer, so the second term also integrates to zero. If m = n, then

sin((m — n)z) = sin(0) = 0,
so it again contributes zero. Thus, in every case,

27
/ sin(ma) cos(nz) dz = 0.
0

Therefore, there are no integers m,n > 1 for which the integral is nonzero:

‘There are no such integer pairs (m,n). ‘
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Calculus II Section 1-2: Trigonometric Integrals

Question 8

Evaluate

[

using a substitution that produces reciprocal powers of the new variable.
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Calculus II Section 1-2: Trigonometric Integrals

Question 8 — Solution
Separate one sine factor and use sin®(x) = 1 — cos?(x):

sin®(z) = sin(z) (1 — cos?(z)).

Then 5 )
. 1
/sm (z) dx = /7(:05 (z) sin(x) dz.
cos*(x) cos?(x)
Let
u = cos(z), du = —sin(z) dz.

The integral becomes

3
=cu Pl —u+C
Substituting v = cos(x) gives
/ sin®(z) d 1 1 e
——dr = - )
cos*(z) 3cosd3(x)  cos(z)

Equivalently, the answer is % sec®(z) — sec(z) 4+ C on intervals where the original integrand is defined.
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Calculus II Section 1-2: Trigonometric Integrals

Question 9

Find constants A and B such that
1
cos?(z) = A + Bcos(2z) + 3 cos(4x).

Then use the identity to evaluate [ cos?(x)da.
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Calculus II Section 1-2: Trigonometric Integrals

Question 9 — Solution

Begin with the power-reduction identity

1 3(2
cos?(z) = LT 0(2T)

Squaring both sides,

Apply power reduction again:

1 4
cos?(2x) = H%(x).

Therefore,

1 3(4
ot + cos( x))

1+2 2
( + cos m 5
+

OO\O-') plkﬁ—l

os(2x) + 3 cos(4x)

[\D\H

Matching this with the required form gives

Now integrate the identity term by term:

/cos4(x) dox = / (2 + %COS(Q.T) + écos(llm)) dx

3z 1 | 1.
=3 + 1 sin(2z) + 3 sin(4x) + C.

Hence,

3z 1 1
4 — p— —
/cos (z)dx = 5 + 45111(2:1:) + 3 sin(4x) + C'|.
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Calculus II Section 1-2: Trigonometric Integrals

Question 10

A signal is defined by
s(t) = sin(3t) + sin(5¢).

Compute its energy over 0 < ¢ < 2m:
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Calculus II Section 1-2: Trigonometric Integrals

Question 10 — Solution

First expand the square:
27

E= [ (sin(3t)+sin(5t))° dt
0

27
— / [sin®(3t) 4 2sin(3t) sin(5¢) + sin*(5t)] dt. (1)
0
For the cross term, use
2sin(A) sin(B) = cos(A — B) — cos(A + B).
Thus,

2 2m
2/0 sin(3t) sin(5t) dt = /0 (cos(2t) — cos(8t)) dt
= B sin(2t) — ;sin(&f)] . =0.

For each squared term, use sin®(kt) = 2 (1 — cos(2kt)):

1

2 27
/ sin?(kt) dt = / (1 — cos(2kt)) dt
0 2Jo

1 [t - sin(zkt)} e

2 2 |,

for any positive integer k. In particular, the £ = 3 and k = 5 terms each contribute w. Substituting into
equation (1),
E=n+0+m=2m.

Therefore,
E=2m|
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Calculus II Section 1-3: Trigonometric Substitution

Question 1

Evaluate the integral both geometrically and analytically:

/ Va2 — z2dx, a> 0.
0
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Calculus II Section 1-3: Trigonometric Substitution

Question 1 — Solution

a
x

(7]

va? — x?

Geometrically, y = Va2 — 2 is the upper semicircle 22 4+ y? = a%. On 0 < z < a, the region is one quarter
of a disk of radius a. Hence its area is

1
I = 17'('012.

For an analytic verification, let
T = asinb, dx = acosfdf.

Since 0 < x < a, the new bounds are 0 < § < 7/2. Also,

\/a2—x2:\/a2—a2sin29

= acosf,
because cosf > 0 on this interval. Therefore,

/2
I = a2/ cos? 6 do
0

2

a w/2
:—/ (14 cos20)do
2 Jo
2 /2 2
= [oegama| =T
2 0
Thus both methods give
a 2
/ @2 —z2de =~
0 4
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Calculus II Section 1-3: Trigonometric Substitution

Question 2

Evaluate using a trigonometric substitution:

22
/ T
V25 — x2
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Calculus II Section 1-3: Trigonometric Substitution

Question 2 — Solution

V25 — x2

The radical has the form Va2 — x2, so let
x = 5sinb, dx = 5cosfdb.

Choose —m/2 < § < /2, so cosf > 0. Then

V25 — 22 = /25 — 25sin2 0 = 5 cos .

Substitution gives

25sin” 6
I=[] —
/ E ool (5cos 6 df)

= 25/sin2<9d9

2
= ?5 (1 — cos20)do

25 25

Since 6 = arcsin(z/5) and

sin 20 = 2sinf cosf = 2(

z\ (V25— a2
D)

we obtain

2
7= 2 aresin (f) . 2\/25—3324—0 .

2 5
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Calculus II Section 1-3: Trigonometric Substitution

Question 3

Find the total area under
y=(a*+9)

on 0 <z <.
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Calculus II Section 1-3: Trigonometric Substitution

Question 3 — Solution

x2+9
x
0
3
The required area is the improper integral
b
d
I= lim e

babe Jy (@2 1+ 9)2

Let = 3tanf. Then
dx = 3sec? 0 db), (22 +9)%/2 = 27 sec® 0.

The bounds transform as x = 0= 60 =0 and x — oo = 0 — w/2. Thus,

1 71'/2
[:,/ cos 0 df
0

9

1
= 5 [Sin 9]3/2
_1

The integrand is positive, so this convergent improper integral equals the geometric area. Therefore,

I==|
9
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Calculus II Section 1-3: Trigonometric Substitution

Question 4

Evaluate using a trigonometric substitution:

dx
22v/22 — 16

x> 4.
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Calculus II Section 1-3: Trigonometric Substitution

Question 4 — Solution

22 — 16

Because the radical has the form vz2 — 16, let
x = 4sech, dx = 4secOtanfdb.

Since z > 4, take 0 < 6 < 7/2. Then

\/962 —16 = \/1656029— 16 = 4tané.

Therefore,

/ 4secttan 6 db
I = (

16sec? 0)(4tan0)
1
=16 cosf df
-l 0+C
= 150 :
From the reference triangle,
2 _
secﬁzg, sin@zu.
4 T
Hence,
22 — 16
I=—+4+C|
16x +

Differentiation recovers 1/(z%vx2 — 16).
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Calculus II Section 1-3: Trigonometric Substitution

Question 5

Complete the square, choose an appropriate trigonometric substitution, and evaluate

/ dzx
V8r — 22
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Calculus II Section 1-3: Trigonometric Substitution

Question 5 — Solution

1 r—4
0
16 — (z — 4)2
Complete the square inside the radical:
8 — a2 = —(2® — 8x)
= —((z —4)* — 16)
=16 — (v — 4)2

Let
x—4 =4sinf, dx = 4 cosfdb.

Choose —7/2 < 6 < 7/2, s0 cos@ > 0. Then

16 — (z — 4)2 = V16 — 16sin” 9

=4 cos0.

Thus

)

I_/4cos9do9
a 4 cost

:/d9:9+C.

Since sinf = (x —4) /4,

I = arcsin <x4—4> +C|

This formula applies on intervals inside 0 < x < 8, where the radical is real and nonzero.
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Calculus II Section 1-3: Trigonometric Substitution

Question 6

Evaluate

/\/m2+4daz

using trigonometric substitution, and verify the result by differentiation.
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Calculus II Section 1-3: Trigonometric Substitution

Question 6 — Solution

2+ 4

Let x = 2tan6, with —7/2 < 6 < 7/2. Then

dz = 2sec?0db, V2 +4=2sech.

Therefore,
I= 4/sec30d0.

Using [ sec®0df = L (sectan + In|sec6 + tan6)|),
I =2secftanf + 21n|secl + tan 6| + C.

Now tanf = x/2 and sec = v/22 + 4/2. Hence,

Vaz 44
IT=2z2+44+2In TVt +4 +C

2

ols R

Vaz+4+2ln|e+ Va2 +4|+C,

where —21n 2 is absorbed into C. Thus,

I:g\/$2+4+21n z+Vz24+4|+C|

Differentiating and simplifying gives I’ = v/z2 4 4, as required.
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Calculus II Section 1-3: Trigonometric Substitution

Question 7
For
/ dx
Va2 +9’
two substitutions are proposed: x = 3tanf and z = 3sinf. Select the efficient substitution, explain the
identity it uses, and evaluate the integral.
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Calculus II Section 1-3: Trigonometric Substitution

Question 7 — Solution

22+ 9

Choose
[z =3tan6]

This substitution uses 1 + tan? 6 = sec? 6:
22 4+9=9tan20+ 9 = 9sec? 4.
Taking —7/2 < 0 < w/2 gives secf > 0, so

dx = 3sec? 6 db, Vx2+9=3sech.

. 2
I:/ 3sec edﬁ
3sech

= /sec@d0:1n|se(:0+tan9\ +C.

Hence,

Since tanf = x/3 and secf = vz2 + 9/3,

I=1In

Va2 +9
x+33:+ e

=In|z+ V22 + 9]+ C.

The constant —1In 3 is absorbed into C. Thus,

=Injz+ Va2 +9|+C|

/ dx
V219

The sine substitution does not turn z2+9 into a single squared trigonometric function, so it does not simplify
the radical.
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Calculus II Section 1-3: Trigonometric Substitution

Question 8

Evaluate the definite integral exactly:
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Calculus II Section 1-3: Trigonometric Substitution

> vVaz -9
(2
3

x = 3secH, dx = 3secHtanddb.

Question 8 — Solution

Let

For z > 3, take 0 < 6 < w/2. Then

V2 —9=3tan.

Transform the bounds:
3 3
r=3=secl=1=0=0, I:5:>6089:g:>9:aI‘CCOS Ik

Thus,

Ts0c0 (3sechtanb)df

arccos(3/5)
= 3/ tan? 0 df
0

= 3[tan 6 — gJ5roe /D).

arcc (,5(3/5) 3 an 9
l = /
0

At the upper bound, a 3-4-5 triangle gives tan = 4/3. Therefore,

4 3
I1=3 (3 — arccos <5>>
3
=4-3 - .
arccos <5>

I =4 — 3arccos <§) .

Hence,
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Calculus II Section 1-3: Trigonometric Substitution

Question 9

For a > 0, derive the antiderivative

dzx
(a% + 22)3/2°
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Calculus II Section 1-3: Trigonometric Substitution

Question 9 — Solution

Let
r =atanb, dz = asec? 6 do.

Since a > 0, choose —m/2 < 6 < 7/2. Then

(a® +22)3/? = (a® + a” tan? 0)3/2

= (a%sec? 0)*/? = a®sec® 0.
Therefore,
asec? 0
I= | ——df
/ a3 sec3 0

= %/cos@d&
a
1

= —sinf +C.
a

From a reference triangle,

tanf = = sinf = ——o

a’ /a2 + 22
Thus,
[
a2va? + 22 '

Indeed,

d x 1
dz <a2\/m> (e + 223/

which verifies the result.
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Calculus II Section 1-3: Trigonometric Substitution

Question 10

Use a trigonometric or hyperbolic substitution to evaluate

/ Va2 —1
T

x> 1.
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Calculus II Section 1-3: Trigonometric Substitution

Question 10 — Solution

Because z > 1, let
x = secH, O<0<g.

Then
dx = secf tan 6 db, Vx2—1=tan.

Substitution gives

I= / tan%(sec@tan@)d@

sec?
tan® 6
_/ sec 6 d9
29 _
:/SGC 0 1d6‘
sec

= /(se09 — cos ) db

=In|sec + tanf| — sinf + C.

Back-substitute using
2 —1
secl = x, tanf = V22 — 1, sin = ———.
T

Since = > 1, the logarithm’s argument is positive. Therefore,

I (V1) - Y Lo
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Calculus 11 Section 1-4: Partial Fractions

Question 1

Find A and B, then evaluate the integral:

Tx+1 _ A B

(x—1)(z+2) x—1+x—|—2'

Tr+1
/(:c— D)(z +2) dr.
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Calculus 11 Section 1-4:

Partial Fractions

Question 1 — Solution

Step 1: Set up the decomposition.

Tr+1 A n B
(z—1D(z+2) 2-1 z+2

Step 2: Clear the denominators. Multiply by (z — 1)(x + 2):
Tz +1=A(x+2)+ B(x —1).
Step 3: Find the coefficients.

r=1: 8=34 = A:g,

r=-2: —-13=-3B = B:?.

Step 4: Substitute and integrate each term.
Tx+1 8/3 13/3
T =
/(x—l)(x+2) . /(x—1+x+2>dx

_§/ dx +E dx
" 3) -1 3 ) z+2

8 13
= §1n|x—1\+§1n|m+2\+0.
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Calculus 11 Section 1-4: Partial Fractions

Question 2

Use polynomial division, then evaluate:

3 +1
/:L"Qfldx'

State the excluded values of x.
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Calculus 11 Section 1-4:

Partial Fractions

Question 2 — Solution

Step 1: Divide the polynomials. Since z3/2? = x,

(@ 4+1)—(2®—2)=2+1.

Thus 23 + 1 = x(2? — 1) + (z + 1), so

2+ 1 - z+1
2 -1 2 —1
Step 2: Factor and simplify.
3+ 1 - z+1
r2—1 (x —1)(z+1)
n 1
=x
x—1’
because the original denominator is zero at both x = —1 and x = 1.

Step 3: Integrate term by term.

341 dx
/xQ—ldx_/xdm—’—/x—l

22
:?—i—ln\x—lH—C’, x # £1.
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Calculus 11 Section 1-4: Partial Fractions

Question 3

Decompose into partial fractions. Include every power of (z — 1):

2x +3
z(z —1)2°

Do not integrate.
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Calculus 11 Section 1-4: Partial Fractions

Question 3 — Solution

Step 1: Include a term for every factor and repeated power.

2z +3 A B C

x(x—1)2_2+x—1+(x—1)2.

Step 2: Clear the denominators.
22 +3 = A(x — 1)* + Bx(z — 1) + Cx.
Step 3: Find A and C.

=0: 3=A(-1))= A=3,
x=1: 5=C(1) = C=5.

Step 4: Find B by using =z = 2.

7=3(1)*+ B(2)(1) + 5(2)
=3+2B+10,
—6=2B=— B=-3.

Step 5: State the result.

2+3 _3 3 5
r(z—-12 =z x-1 (z-—1)27

and the requested coeflicients are

|A=3, B=-3  C=5]|
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Calculus 11 Section 1-4: Partial Fractions

Question 4

Use partial fractions to evaluate:

/ 241 d
x(z? 4+ 4) <
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Calculus 11 Section 1-4: Partial Fractions

Question 4 — Solution
Step 1: Set up the decomposition. Use a linear numerator over the irreducible quadratic:

w>+1 A Bx+C

x(z? +4) er x2 44
Step 2: Clear denominators and collect like terms.

2?2 +1=A2?+4)+2(Bx+C)
= (A4 B)2® + Cx + 4A.

Step 3: Match coefficients.
A+B=1, C=0, 4A = 1.

Therefore A=1/4, B=1-1/4=3/4, and C = 0.
Step 4: Integrate. For the second term, let u = 22 + 4; then du = 2z dx.

1 dr 3 T
r=- 22 d

4 x+4/x2+4x
“atmT I\ )

1
= Zln\x| + gln(m2 +4)+C.

Thus,

1
Izzln\x|+gln(z2+4)+c.
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Calculus 11 Section 1-4: Partial Fractions

Question 5

Find the value of k that removes the In |z + 1| term. Then evaluate:

kr+1
/xz_ldx.
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Calculus 11 Section 1-4: Partial Fractions

Question 5 — Solution

Step 1: Set up the decomposition.
kx+1 A B

(x—=1)(z+1) x—1+x—|—1'

Step 2: Clear the denominators.
kr+1=A(x+1)+ Bz —1).
Step 3: Find the coefficients.

r=1: k+1:2A:>A=L+1,

2
k-1
r=-1: —k+1:—QB:>B:?.

Step 4: Remove the In |z + 1| term. Since integrating B/(z + 1) gives Bln|z + 1|, set B = 0:

B=0 = "“lo0 = [=1

Step 5: Substitute k£ = 1, simplify, and integrate.

r+1 rz+1 1
= = +1.
2-1 (x—1(x+1) z-1 v

z+1 dx
/xz—ldx /:v—l nle—1+C
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Calculus 11 Section 1-4: Partial Fractions

Question 6

A student proposes the decomposition

1 A B

(x2 4 1)2 7x2+1+(x2—|—1)2'

1. Why is this decomposition not useful? Give the correct general form.

2. Use x = tan 0 to evaluate:
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Calculus 11 Section 1-4: Partial Fractions

Question 6 — Solution

Part 1: Check the decomposition.
Each power of an irreducible quadratic needs a linear numerator. The general form is

Ax+B+ Cx+ D
72 +1 (2 4+1)%

The original fraction already has this form: A = B = C = 0 and D = 1. Therefore, decomposing it only
reproduces the original integrand and does not make the integral easier.

Part 2: Evaluate the integral.

Step 1: Substitute x = tan6. Then

dx = sec® 0 do, z2+1=tan?0+ 1 = sec? 6.

Step 2: Simplify and integrate.

2
I:/wdﬁz/cos?@d@
sect

1
= 5/(1 + cos 20) do
0 sin26
= - C.
2 + 4 +
Step 3: Return to x.
0 t 20 2tan 6 2z
= arctanz sin 20 = = .
’ 1+tan?0 1+22
Substitute both expressions:
T 1
I= 72@2 1) + 3 arctanz + C'|.
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Calculus 11 Section 1-4: Partial Fractions

Question 7

Use partial fractions to evaluate exactly:

12 gy
/0 1—a2

Why is this integral proper on [0,1/2]?
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Calculus 11 Section 1-4: Partial Fractions

Question 7 — Solution
Step 1: Factor and set up partial fractions.
-2 =(1—-2)(1+2),
1 A B

1—22 1—x+1—|—x'
Step 2: Clear denominators and find A and B.

1=A(l+2z)+B(1—x).

r=1: 1=2A= A=

)

r=-1: 1=2B= B =

N = N

Step 3: Integrate and evaluate both bounds.

1 2701 1
I== d
2/0 (1;L‘+1+x) v

= % [~In(l — )+ In(1 + x)]é/2

1 3
"I+ —(—lnl+Inl
{ln2-i-ln2 ( n+n)]

1
2
1. /3/2\ 1

Step 4: Check whether the integral is proper. The singularities = 41 are outside [0,1/2], so the
integrand is continuous on the whole interval and no improper limit is needed.

V2 gy 1
T “m3|
/0 =22 3?
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Calculus 11 Section 1-4: Partial Fractions

Question 8

Find A, B, and C in the decomposition
1 A B C

x(x —2)(x + 3) ;+x—2+:17+3.

Use z =0, 2, and —3. State (4, B,C).
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Calculus 11 Section 1-4: Partial Fractions

Question 8 — Solution

Step 1: Start with the decomposition.
1 A B C

x(x —2)(x + 3) ;+z—2+x+3

Step 2: Multiply every term by z(x — 2)(z + 3).
1=A(x —2)(x+3)+ Bx(x + 3) + Cx(z — 2).

Step 3: Use values that eliminate two terms at a time.

r=0: 1=-6A — A:_E’
1

—2: 1=10B — B=—

v 10°
1

=-3: 1=15C N -1
* 15

Step 4: State the ordered triple.
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Calculus 11 Section 1-4: Partial Fractions

Question 9

Use partial fractions to evaluate:

/ dr _/ dzr
3 — 2 22(x —1)
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Calculus 11 Section 1-4: Partial Fractions

Question 9 — Solution

Step 1: Set up partial fractions. The repeated factor 22 requires both 1/x and 1/x2:
1 A B C

22(x —1) st te T

Step 2: Clear the denominators.
1= Az(z — 1)+ Bz — 1) + Ca?.
Step 3: Find B and C.

r=0: 1=—-B=— B=-1,
r=1: 1=C=C=1.

Step 4: Find A by setting = = 2.

1=A2)1) + (=1)(1) + (1)(4)
=24 +3,
—2=24= A=—1.

Step 5: Substitute and integrate each term.

d
:ff—xf m*deJr/ de
T r—1

21
:—ln\x|—_—1—|—ln\x—1|—|—0

1
=—Injz|+ -+ Inlz -1+ C.
x

Therefore,

1
I=—Injz|+—4+nlz—-1]+C|
x
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Calculus 11 Section 1-4: Partial Fractions

Question 10

1. Define and evaluate the Cauchy principal value:

1
o [
1 X

2. Does the ordinary improper integral converge? Check both sides of x = 0.
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Calculus 11 Section 1-4: Partial Fractions

Question 10 — Solution

Part 1: Cauchy principal value.
Step 1: Approach zero by the same distance ¢ from both sides.

1 —e 1
Pv/dﬁ lim (/ d—x+/ dm)
1 e—=0t \J_1 = e T

= lim ([n|2[]=5 + [In |2[]2
i ([ fol)5 + i fo]]2)

= lim ((lne —Inl)+ (Inl1 —1Ine))
e—0t

= lim 0=0.
e—0t
1
d
PV/ 0
,1.%'

Part 2: Ordinary improper integral.
The two one-sided integrals must converge separately. On the right,
Uda 1
g

— = lim [Inzx]
0o X e—0t

= lim (0 —Ine) = +o0.

e—0t

On the left,

0
/ BT i [in [

1 T e—0t

= lim (Ine — 0) = —o0.
e—0t

Therefore, the ordinary improper integral diverges. The principal value is finite only because these opposite
divergences cancel in a symmetric limit.
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Calculus II Section 1-5: Integrals Involving Roots

Question 1

Use u = /7 to evaluate
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Calculus II Section 1-5: Integrals Involving Roots

Question 1 — Solution

Step 1: Substitute u = /2. Then
r =u?, dx = 2u du.

Step 2: Rewrite the integral.

/ dx 2u d

= u.
14/ 1+u
Step 3: Divide the numerator.

u (u+1)—1 1

= =1- .
u—+1 u+1 u+1

Step 4: Integrate and return to z.

2/(1 ! >du2u21nu+1|+C’
u+1
=2yx —2In(1+ Vx) + C.

2V —2n(1 + ) + C|
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Calculus II Section 1-5: Integrals Involving Roots

Question 2

Use u = x + 2 to evaluate:

/x\/x+2d:1c.
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Calculus II Section 1-5: Integrals Involving Roots

Question 2 — Solution

Step 1: Substitute u = x + 2. Then

Step 2: Rewrite and expand the integrand.

/x\/mm::/(u—Q)ul/Qdu

= / <u3/2 — 2u1/2) du.

Step 3: Integrate each power.

ub/2 w32
T— c
52 32
2 4
— 5u5/2 _ *US/Q + C

Step 4: Substitute u =z + 2.
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Calculus II Section 1-5: Integrals Involving Roots

Question 3

Find the geometric area between y = &z and the z-axis on [—1, §].
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Calculus II Section 1-5: Integrals Involving Roots

Question 3 — Solution

Step 1: Split at the a-intercept. The function is negative on [—1, 0] and positive on [0, 8], so

0 8
A:—/ x1/3dx+/ 213 dx.
—1 0

4/3 3
1/3 o — T _ 9 4/3
/x T 173 4x

Step 2: Find an antiderivative.

Step 3: Evaluate both pieces.
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Calculus II Section 1-5: Integrals Involving Roots

Question 4

Rationalize the integrand and evaluate

| s
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Calculus II Section 1-5: Integrals Involving Roots

Question 4 — Solution

Step 1: Multiply by the conjugate.

1 B 1 Ve 1+
Vitl-vz Votl-vaz Vetl+yz
_Vrti+Ve
(z+1)—=x
=Vr+1+x

Step 2: Integrate both terms.

I:/(x+1)1/2dx+/x1/2dx

(x+1)32 232
= C
32 32 "

2 2
= g(fﬂ + 1)3/2 + 51'3/2 + C

2 2
S+ 1)3/2 4 §x3/2 +C
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Calculus II Section 1-5: Integrals Involving Roots

Question 5

Evaluate
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Calculus II Section 1-5: Integrals Involving Roots

Question 5 — Solution

Step 1: Substitute u = /2. Then

r =u?, dx = 2u du.
Step 2: Rewrite the integral.
/ Ve dx = ad (2u du)
1+z 1+ u2
2
U
=2 | ——du.
/ 14+ u? b
Step 3: Divide the numerator.
v (14w -1 1
14w 1442 1+u?’

Step 4: Integrate and return to z.

1
I=2((1-——
/( 1+u2>du

= 2u — 2arctanu + C
= 2y/x — 2arctan vz + C.

’2f—2&rctan\/5+0‘

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-5: Integrals Involving Roots

Question 6

Find a > 0 so

/ Vrdr = 18.
0

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-5: Integrals Involving Roots

Question 6 — Solution

Step 1: Evaluate the definite integral.

/\/de:/ 22 dx
0 0

B 13/2 a
- 13/2],
2 450" .
_ 282 _ 282
3 0 3
Step 2: Set the result equal to 18 and solve.
2
§a3/2 = 18,
a’/? =27,

(a3/2)2/3 = 272/37

a=(V271)?=3=09.
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Calculus II Section 1-5: Integrals Involving Roots

Question 7
Evaluate

/ dx
using u = /x + 1.
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Calculus II Section 1-5: Integrals Involving Roots

Question 7 — Solution
Step 1: Substitute u = /z + 1. Then

w =z +1, r=u—-1, dz = 3u? du.

3u? du U
[= [ 2 g Y g,
/(u3—1)u /u3—1 “
ud—1=(u—1)(u?+u+1).

Step 2: Rewrite and factor.

Step 3: Use partial fractions.
3u A Bu+C

u3—1:u—1+u2+u+1'

After clearing denominators,
3u=A(w?* +u+1)+ (Bu+C)(u—1).

Matching coefficients gives
A+ B =0, A—-—B+C =3, A-C=0,
so A=1, B= -1, and C = 1. Therefore,

3u 1 n —u—+1
wW—1 wu—-1 w2+u+1’

Step 4: Prepare the quadratic term.

1 3
—u+1l=—-=(2u+1)+=.
u + 5(2ut+ 1)+ 3

du 1 2u+1 3 du
I= S . L S YA
u—1 2J) uw2+u+1 2] w24+u+1

*+u+1 41 2+3
u u =lu - —.
2 4

Thus

Complete the square:

Step 5: Integrate and return to z.

1 2 1
I= 1n|u—1|—21n(u2+u+1)+\/§arctan( u\/—g )—l—C,

where ©v = Jz + 1.

1 2 1
ln|u—1—2ln(u2+u+1)+\/§arctan< u\/g )—i—C
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Calculus II Section 1-5: Integrals Involving Roots

Question 8
Evaluate
/1 dz
0o VTtV

using a substitution that clears both radicals.
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Calculus II Section 1-5: Integrals Involving Roots

Question 8 — Solution
Step 1: Choose a power that clears both radicals. Since lem(2,3) = 6, let # = u5. Then
Vz =u?, Y =u?, dr = 6u® du.

The bounds remain 0 and 1 because v = 2'/%. Step 2: Rewrite and simplify.

5

1
o u’+tu

1 5 1 3
o s [
o u(u+1) o u+1

Step 3: Divide the polynomials.

Step 4: Integrate and evaluate the bounds.

1
1
I:6/0 (uz—u—l—l—m)du

1
3 u2

6[1;—2+u—1n(u+1)}

0

1+11n2>

(53
(

2—1n2> =5—6In2.

6

6

I=5-6In2
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Calculus II Section 1-5: Integrals Involving Roots

Question 9

Differentiate F'(x), then identify the substitution used to integrate F'(z):

F(z)= %(1 + 22)%/2,
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Calculus II Section 1-5: Integrals Involving Roots

Question 9 — Solution

Step 1: Differentiate with the chain rule.

2 3
F@ﬁzg-;1+ﬁﬂ“ (2x)

=2zvV 1+ 22
Step 2: Reverse the process by integration.

/2:3\/ 1+ 22dx.
Let

w=1+z2, du = 2x dzx.

Then

/23:\/1+x2dx=/u1/2du
w32
=——4+C
32+

:§u+ﬁﬁﬂ+a

/2xmdm =F(z)+C
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Calculus II Section 1-5: Integrals Involving Roots

Question 10

Use one substitution to evaluate:

/ r+1
—_—dx
Va2 + 2245
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Calculus II Section 1-5: Integrals Involving Roots

Question 10 — Solution
Step 1: Substitute the expression inside the square root.
u=x>+ 2z +5.

Differentiate: )
du=(20+2)dr =2a+1)ds,  (z+1)do = du.

Step 2: Rewrite the integral.

r+1

—_—dx
vVaz+2zx+5

1
= §/u_1/2 du.

1 [ul/?
[=—-—|—

> (i) e
=u'2+C

=Vz2+2z+54+C.
Vaz+2x+54+C

I =

Step 3: Integrate and return to z.
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 1

Complete the square and evaluate

/ dzx
x2 4+ 62 +13°
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 1 — Solution
Step 1: Complete the square.

22462 +13= (22 +60+9)+4
=(z+3)*+4.

Step 2: Rewrite the integral.

I—/ dxr
) (z+3)2 4227

Step 3: Use the arctangent formula. Let u =z + 3, so du = dx:

[ du

- u2 + 22

1

3 arctan (%) +C

1 3
3 arctan (glj i ) +C.

2

1 ¢ T
— arctan
2

3+C
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 2

Split the numerator, then evaluate:

/ 3x+1 d
——dx.
22 4+22+5
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 2 — Solution

Step 1: Split the numerator using the derivative of the denominator. Since

d
%(x2+2x+5):2:c+2,

write 3
3x+1= 5(2$+2)—2.

3 2+ 2 dx
(=2 22T g o
2 ) 224+2x+5 2 +2x+5

Step 3: Integrate the derivative term.

Step 2: Split the integral.

3 2 + 2 3,
O ETE =2 2% +5).
2/;L‘2+2x+5 z = 5@+ 2 +5)

Step 4: Complete the square in the remaining term.

22422 4+5=(x+1)2+4.

dx 1 z+1
o " _9|= v
/(;v+1)2+22 [2arCtan( 2 )]

¢ r+1
= —arctan [ —— | .
2

Thus

Step 5: Combine the results.

z+1

+C

%1n(x2 + 2z + 5) — arctan

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-6: Integrals Involving Quadratics

Question 3
Evaluate

[t
—  dx
22 +4x + 8
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 3 — Solution

Step 1: Rewrite the numerator using the derivative of the denominator.
1
x = 5(2x+4) -2

Step 2: Split the integral.

I—l/ 2r + 4 dm—?/ dx
T2 ) 22 +42+38 22 +4x + 8

Step 3: Integrate the derivative term.

1 % + 4 1
S 2T = S In(a® + 42+ 8).
2/x2+4x+8 =5 @ +4z+8)

Step 4: Complete the square.
2?4+ 8= (v +2)° + 4.

dx 1 x+2
_2/ m = -2 |:2 arctan (2):|

<x+2>
= —arctan — )

Therefore,

Step 5: Combine the results.

2
+C

1
3 In(x? + 4z + 8) — arctan Tt
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 4

Find the maximum of f(z) = 1/(2? — 4z + 8), then evaluate
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 4 — Solution

Step 1: Complete the square.
2 —dr+8=(vr—2)%+4.

Step 2: Find the maximum. The denominator is smallest when (z — 2)? = 0, or # = 2. Its minimum is
4, so

The antiderivative below has finite limits at both —oco and oo, so both one-sided improper integrals converge
separately. Their sum may therefore be computed using symmetric limits. Step 3: Write the improper
integral as a limit.

R
dx
I =1 e —
Roeo |_p (@ — 2)2 1 22

! z—2\1"
= lim - |arctan | —— .
R—o0 2 2 _R
4G (5) -3
2\2 2 2

‘maxz 1/4, I:7r/2‘

Step 4: Evaluate the limits.
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 5

Evaluate

/ dx
Va2 —6x + 10
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 5 — Solution
Step 1: Complete the square.

22 — 62 +10 = (2% — 6z +9) + 1

=(x—-3)*+1.
Step 2: Substitute u = 2 — 3. Then du = dx and
- / _du
) Va1

Step 3: Use the standard formula.

du
_ 2 2
/ u2+a271n’u+ u+a‘+C’.

With a =1,
I:ln‘u+\/u2+1‘+0
:ln‘x—3+\/m2—6x+10‘+a

In|jz —3++v22—6z+10/+C
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 6

Find every k that makes 22 + kz 4+ 9 a perfect square. Then integrate

1
224+ kr+9
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 6 — Solution
Step 1: Write the possible perfect squares. Since the constant term is 9, the square must be

(x+3)% = 2%+ 62+ 9,
(r —3)%> = 2% — 62+ 9.

Thus
k=6 or k = —6.

Step 2: Integrate when k = 6.

/ dx _/ dx
2 +6x+9 ) (z+3)2

:/(:v+3)_2dx
1
=—(z4+3)'+C=- C.
(x+3)7" + $+3+
Step 3: Integrate when k£ = —6.
dz 9
e _ dx
,/a:2—6x+9 /(:p 3) " de
1
k=6: — c k=—-6: —+C
:1:4—3+ ’ 37
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 7

Evaluate 9
T
—d
/ 2+ 4 v

without partial fractions.
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 7 — Solution

Step 1: Rewrite the numerator.
2 = (22 +4) — 4.

Therefore,
2 (2 +4)—4
z2+4 2244
4
=1 .
x2+4

dz

I=x—-14 Barctan (2)} +C

Step 2: Split the integral.

Step 3: Integrate both terms.

=g — 2arctan (g) +C.

foarctanngC
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 8

Determine the real domain and evaluate d
T

Vér — 22
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 8 — Solution

Step 1: Complete the square.

6 — 22 = —(2* — 6x)
=—((x-3)*-9)
=9 (z—3)%

Step 2: Determine the domain. The radicand must be nonnegative:

The denominator cannot equal zero, so the integrand’s domain is

o<z<0]

Step 3: Substitute u = x — 3, so du = dx:

I—/ du
V@

Step 4: Use the inverse-sine formula.
I = arcsin (%) +C

-3
= arcsin (563> + C.

+C

. X
arcsin
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 9

Split the numerator, then evaluate:

/ 2r+5 d
2 +4x +8 -
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 9 — Solution

Step 1: Split the numerator.
2e+5=(2x+4)+1.

2x + 4 dx
I= | ———d —_—
/x2—|—41‘+8 x+/x2—|—4oj+8

Step 3: Integrate the derivative term.

Step 2: Split the integral.

2 4

Step 4: Complete the square for the remaining term.

2? +dr +8=(x+2)% + 4.

/7@: = 1arctan z+2
(x+2)24+22 2 2 )

Therefore,

Step 5: Combine the results.

2
+C

1
In(x? 4 42 + 8) + 5 arctan +
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 10

For a > 0, evaluate:

/oo dx
oo B2 Fa?
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Calculus II Section 1-6: Integrals Involving Quadratics

Question 10 — Solution

The antiderivative below has finite limits at both —oo and oo, so both one-sided improper integrals converge
separately. Their sum may therefore be computed using symmetric limits. Step 1: Write the improper
integral as a limit.

. R de
I=lim [ =
R— o0 7R‘/L‘ “l‘a

Step 2: Find an antiderivative. Since a > 0,

/ dxr 1 T
———— = —arctan (7> +C.
2 4+a?2 a a

Therefore,

. 1 z\1 R
I = lim - [arctan (f)]
R—oco a a —R

= — lim |arctan| — ) —arctan | — ]| .
a R—oo a a

Step 3: Evaluate the limits.
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Calculus II Section 1-7: Integration Strategy

Question 1

Choose the shortest method and evaluate:

2
ze® dz.
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Calculus II Section 1-7: Integration Strategy

Question 1 — Solution

Step 1: Identify the inner function. The exponent is 22, and its derivative 2z is present except for a
constant factor.
Step 2: Substitute u = 22. Then
1
du = 2z dz, rdr = idu.

Step 3: Rewrite and integrate.

1 ,
/ace'162 dr = f/e“du
2
1
= §€u + C
Step 4: Return to =x.
e +C
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Calculus II Section 1-7: Integration Strategy

Question 2

Choose substitution or integration by parts, then evaluate:

/wln(l + %) du.
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Calculus II Section 1-7: Integration Strategy

Question 2 — Solution

Step 1: Choose substitution. The expression 1+ 2 is inside the logarithm, and its derivative 2z matches
the remaining factor.

Let 1
uw=1+z?, du =2z dzx, xda::§du.
Then .
1= §/lnudu.

Step 2: Integrate Inu by parts. Choose

v = Inu, dw = du.
Then dv = du/u and w = u, so

1
/lnudu =ulnu — /u (u> du
=ulnu—u+ C.

Step 3: Restore the factor 1/2 and return to z.
I=-(ulnu—u)+C

[(1+2*)In(1+2%) — (1+2%)] +C.

N = DN =

%[(1 + ) In(1+2%) - (1+2H)]+C
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Calculus II Section 1-7: Integration Strategy

Question 3

Use u = 22 + 1 to evaluate:
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Calculus II Section 1-7: Integration Strategy

Question 3 — Solution

Step 1: Separate one factor of x.
23 da = 2% (2 du).

Step 2: Substitute u = x2 + 1. Then
1
du =2z dz, xdxzidu, zt=u—1.

Step 3: Rewrite and simplify.

Step 4: Integrate each power.

1 /u3/2 1/2
I= (“—“) +C

T 2\3/2  1/2
= %u3/2 —u'?2 4 C.

Step 5: Return to =x.

1
g(,752 +1)32 - Va2 4140
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Calculus II Section 1-7: Integration Strategy

Question 4

Identify the hidden derivative and evaluate:
Inx

—dz.

T
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Calculus II Section 1-7: Integration Strategy

Question 4 — Solution

Step 1: Identify the inner function. Since

d
%(lnz) = -,
the factor dx/x is the differential of In z.
Step 2: Substitute u = Inx. Then
dx
du = —.
x
Step 3: Rewrite and integrate.
Inx
—dr = | udu
x
2
U
=—+C
5 +

Step 4: Return to =x.

1
5(111%)2 + C
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Calculus II Section 1-7: Integration Strategy

Question 5

Recognize a product derivative and evaluate:

/ex(x +1)dz.
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Calculus II Section 1-7: Integration Strategy

Question 5 — Solution

Step 1: Look for a product whose derivative matches the integrand. Try ze”.

Step 2: Differentiate with the product rule.

2 (re) = (@) + 7 (e)
=e” + xe”
=e"(x+1).

Step 3: Reverse the derivative.
/e””(x—k 1)dx = xze® + C.
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Calculus II Section 1-7: Integration Strategy

Question 6

Explain why v = 22 + 1 does not simplify the integral directly, then evaluate:

/ dzx
241
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Calculus II Section 1-7: Integration Strategy

Question 6 — Solution
Step 1: Test the proposed substitution. If

u=a%+ 1,
then

du =2z dzx.

The integral contains dx, but it does not contain the required factor x dz. Thus the substitution does not
produce a direct du factor. One can express dz in terms of u on a branch, but this introduces a square root
and is less convenient than the standard antiderivative.

Step 2: Recognize a standard form.

1
1+ 22

%(arctan x) =

Therefore,

d
/ Til = arctanz + C.

dx
2 = arctanz + C
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Calculus II Section 1-7: Integration Strategy

Question 7

Choose the best method and evaluate:

2

X
—dx.
/m3+8 v
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Calculus II Section 1-7: Integration Strategy

Question 7 — Solution
Step 1: Identify the structure. The denominator is z® + 8, and its derivative is 3z2. The numerator
contains x2, so substitution is the shortest method.
Step 2: Substitute u = 23 + 8. Then
2 2 1
du = 3z° dz, - dx = gdu.
Step 3: Rewrite and integrate.
2
1 [d
/ _z g1 fdu
3+ 8 3) wu
1
=-1 C.
SIn ful +

Step 4: Return to =x.

1
gln|x3—|—8\+0
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Calculus II Section 1-7: Integration Strategy

Question 8

State the structural cue, then evaluate:

/ sin z cos* x dz.
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Calculus II Section 1-7: Integration Strategy

Question 8 — Solution

Step 1: Identify the structural cue. The sine power is odd, and sinx dz is the differential of — cosz.
Keep the sine factor and use the cosine as the substitution.
Step 2: Substitute u = cosxz. Then

du = —sinx dzx, sinx dxr = —du.
Step 3: Rewrite and integrate.
/sinmcos4xda: = —/u4du
5
U
=——+4C.
5 +
Step 4: Return to =x.
1 =
——cos’x+ C
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Calculus II Section 1-7: Integration Strategy

Question 9

Choose the best method for each integral. Do not evaluate.

/;1:2695 dz, /2dix /\/97102 dz, /sin2xd$.
72 —

4’
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Calculus II Section 1-7: Integration Strategy

Question 9 — Solution

1. For [ z2e” dx, differentiating 2 repeatedly makes it simpler, while integrating e® changes nothing. Use
integration by parts twice.
2. For [dxz/(z* — 4), factor
2?2 —4=(z—2)(z+2).

The denominator has distinct linear factors, so use partial fractions.

3. For [V9 — z?dz, the form va? — z? suggests © = asinf. Use trigonometric substitution with
r = 3sinf.

4. For [ sin? x dz, both sine and cosine powers are even. Use the power-reduction identity

.9 1 —cos2z
sin“x = ———
2
z2e® integration by parts
1/(2® —4) partial fractions
V9 — z2 | trigonometric substitution
sin? power reduction
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Calculus II Section 1-7: Integration Strategy

Question 10

Find the integrand whose antiderivative is
F(z) = In(2® 4 1) + arctan z.

Then verify your result.
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Calculus II Section 1-7: Integration Strategy

Question 10 — Solution

Step 1: Differentiate the logarithm using the chain rule.

d 2z
—In(z? +1) = .
dz n(z”+1) 2 +1
Step 2: Differentiate the inverse tangent.
% arctanz = m
Step 3: Add and simplify.
2x 1
Fl(z)= —— 4+ ——
(z) 22+1 22+1
241
a2 41
Thus the required integrand is
20 +1
0=

Step 4: Verify by integration.

2x + 1 2x dxr
T = [ =22y _ar
/x2+1 v /x2—0—1 x—’_/x?—l—l

=In(z? + 1) + arctanz + C = F(x) + C.
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Calculus II Section 1-8: Improper Integrals

Question 1

For which real p does the integral converge? Evaluate it when possible.

/ z P dx
1
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Calculus II Section 1-8: Improper Integrals

Question 1 — Solution

Step 1: Replace infinity with a limit.
b

I = lim x Pdx.
b— oo 1

Step 2: First suppose p # 1.

l—p
P —1
= lim
b—oo 1 —p
Ifp>1,then1—p<0andb P —0,so0
-1 1
J=— — _—
1—-p p-—1
If p < 1, then b' =P — oo, so the integral diverges.
Step 3: Check p = 1 separately.
b
d
2 b — .
1 x
1 .
p>1: I =——; p < 1:diverges
p—1
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Calculus II Section 1-8: Improper Integrals

Question 2

Determine whether the integral converges. If it does, evaluate it.

1
/ 2 2/3 dx
0
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Calculus II Section 1-8: Improper Integrals

Question 2 — Solution

Step 1: Identify the improper endpoint. The integrand is undefined at x = 0, so replace the lower

bound with € > 0: )

I = lim x 23 dg.
e—=0t /o

Step 2: Integrate.

1/3
/x_2/3 dx = 7?/3 = 321/3.

Step 3: Evaluate the limit.

I = lim [32'/3)}

e—0t

= lim (3 —3¢'/3) =3.

e—0+t

3 (convergent)

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-8: Improper Integrals

Question 3

Determine whether the integral converges. If it does, evaluate it.

[
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Calculus II Section 1-8: Improper Integrals

Question 3 — Solution

Step 1: Split at the interior singularity.

I—/O dx +/1 dx
1 /lzl o el

The integrand is even, so the two pieces are equal:
1
I= 2/ ™ Y2 dg.
0

1
I =2 lim V2 dx.

e—=0t J

Step 2: Write the improper limit.

Step 3: Integrate and evaluate.

I =2 lim [22'/?]!

e—0t

=4 lim (1 — &) = 4.

e—0+t

’ I = 4 (convergent) ‘
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Calculus II Section 1-8: Improper Integrals

Question 4

For which real a does the integral converge? Evaluate it when possible.

oo
/ e “dx
0
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Calculus II Section 1-8: Improper Integrals

Question 4 — Solution

Step 1: Replace infinity with a limit.
b

I = lim e dx.
b—oo 0

Step 2: Suppose a # 0 and integrate.

b
1
I = lim [—e‘a“’]

b—o0 a 0
1— efab
= lim ——.
b— oo a

If @ > 0, then e — 0,50 I = 1/a. If @ < 0, then e~ — o0, so the integral diverges.
Step 3: Check a = 0. Then the integrand is 1, and

o0
/ ldzx
0

’a>0: 1/a; a < 0:diverges

diverges.
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Calculus II Section 1-8: Improper Integrals

Question 5

Determine whether the integral converges:

/Oo dx
5 wlnz’
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Calculus II Section 1-8: Improper Integrals

Question 5 — Solution

Step 1: Replace infinity with a limit.

b d
. i
I = lim .
b—oo Jo zlnzx

Step 2: Substitute v = Inx. Then
du = —.

The bounds become v =In2 and v = In b, so

Inb
. du
I = lim —
b— oo In2 u

= lim [lnu]j2}
b— o0

= lim (In(lnd) — In(In2)).

b—o0

Step 3: Evaluate the limit. Since In(lnb) — oo, the integral diverges.

diverges
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Calculus II Section 1-8: Improper Integrals

Question 6

Evaluate the two-tailed integral:
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Calculus II Section 1-8: Improper Integrals

Question 6 — Solution

Step 1: Use symmetry. Since e~!*| is even,
o0
I= 2/ e T dzx.
0

b
I =2 lim e *dx.

b—o0 Jq

Step 2: Replace infinity with a limit.

Step 3: Integrate and evaluate.

I=2lim[-e ]}

b— oo
=2 lim (1 —-e™?)
b—o0
=2(1-0)=2.
I=2
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Calculus II Section 1-8: Improper Integrals

Question 7

Determine whether the ordinary improper integral converges:

/.5
,1$'
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Calculus II Section 1-8: Improper Integrals

Question 7 — Solution

Step 1: Split at the singularity. Ordinary convergence requires both one-sided integrals to converge.
Step 2: Evaluate the left side.

/0 dx , € dx
— = lim —

1 X e—0t -1

= lim (Ine —Inl) = —o0.
e—0t
Step 3: Evaluate the right side.
L dx . L de
— = lim —

0 & e=0t ). w
= lim (In1 —In¢e) = +o0.
e—=0+t

Since the one-sided integrals diverge, the ordinary integral diverges.

diverges

The symmetric principal value is 0, but it is not an ordinary integral value.
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Calculus II Section 1-8: Improper Integrals

Question 8

Evaluate the improper integral:

1
/ Inxdx.
0
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Calculus II Section 1-8: Improper Integrals

Question 8 — Solution

Step 1: Replace the improper endpoint with a limit.

1

I = lim Inxdz.
e—0t J,

Step 2: Integrate by parts. Let w = Ilnz and dv = dz. Then du = dz/x and v = a:
' 1
/lnxdx =zlnx — / x (> dx
x
=zlhx —z.

Step 3: Evaluate the limit.

I= lim [zxlnz — ]!

e—0+
= lim (-1 —¢clne+e¢).
e—0t
Since elne — 0 and € — 0,
I=-1
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Calculus 1I Section 1-8: Improper Integrals

Question 9

Find ¢ so that

is a probability density on (—oo, 00).
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Calculus 1I Section 1-8: Improper Integrals

Question 9 — Solution

Step 1: Use the normalization requirement. A probability density must satisfy

/_O:Of(x)dle.

/°° dx
l=c¢c —_—
oo L4 22

Step 2: Evaluate the improper integral. The antiderivative below has finite limits at both —oo and
00, so both one-sided improper integrals converge separately. Their sum may therefore be computed using
symmetric limits.

Thus

oo
d
/ * 5 = lim [arctan z]f
00 1+« R—o ’

Step 3: Solve for c.
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Calculus II Section 1-8: Improper Integrals

Question 10

Determine whether the integral converges. If it does, evaluate it.
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Calculus II Section 1-8: Improper Integrals

Question 10 — Solution

Step 1: Replace infinity with a limit.

b
I=1lim | (14+2) %dx.

b—oo Jo

Step 2: Integrate.
1

1+a

/(1+x)_2dx - (42—

Step 3: Evaluate the bounds and limit.

I = lim {—
b—o00

b
1+£U:|0

. 1
Jim, <1+b t 1)

=0+1=1

1 (convergent)
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Calculus II Section 1-9: Comparison Tests

Question 1

Use direct comparison to determine convergence:

o dx
2 in2 g
1 x“+sn"x
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Calculus II Section 1-9: Comparison Tests

Question 1 — Solution
Step 1: Find an upper comparison. Since sin z > 0,
2% +sin’x > x2.
Both sides are positive, so taking reciprocals reverses the inequality:

0< —— <

Step 2: Test the comparison integral.

/°°da; , { 1}”

— = lim |——

1 X b—oo X 1
= li 1 1 =1
T b)

Step 3: Apply direct comparison. The larger integral converges, so the original integral also converges.

converges
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Calculus II Section 1-9: Comparison Tests

Question 2

Use limit comparison to determine convergence:

/°° 3z +1 P
—————dx.
1 x*—2zr+5
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Calculus II Section 1-9: Comparison Tests

Question 2 — Solution
Step 1: Choose a comparison. The dominant powers give

317273

2t a2
so use g(x) = 1/22.
Step 2: Compute the limit ratio.

I - lim (322 +1)/(z* — 22 +5)
T—00 1/%2
= lim 73304_‘_%2
az—oo x4 — 21 +5
3+ 1/2?

=lim ———————=3

z—o0 1 —2/23 +5/xt

Step 3: Apply limit comparison. Since 0 < L < oo and floo x~2dx converges, the original integral

converges.
converges
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Calculus II Section 1-9: Comparison Tests

Question 3

Use a lower comparison to determine convergence:

oo 2 :
/ + sinx d.
1 X
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Calculus II Section 1-9: Comparison Tests

Question 3 — Solution
Step 1: Bound the numerator. Since sinxz > —1,
24sinx > 1.

For x > 1, divide by the positive number x:

2+sinx

1
>—2=0.
x T

Step 2: Test the lower comparison.

/ d—x = lim Inb = .
1 X b—o0

Step 3: Apply direct comparison. The smaller integral diverges, so the original integral diverges.

diverges
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Calculus 1I Section 1-9: Comparison Tests

Question 4

Use limit comparison to determine convergence near x = 0:

/1 dx
o VT ta
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Calculus 1I Section 1-9: Comparison Tests

Question 4 — Solution
Step 1: Choose a comparison. Near z = 0, 1/ is the dominant denominator term, so use

T :izafl/?
9(x) Nz

Step 2: Compute the limit ratio.

Step 3: Test the comparison integral.
1
/ 2™V dr =2 < .
0

Since 0 < L < oo, limit comparison shows that the original integral converges.

converges
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Calculus II Section 1-9: Comparison Tests

Question 5

Use comparison, not integration by parts, to determine convergence:
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Calculus II Section 1-9: Comparison Tests

Question 5 — Solution

Step 1: Bound the logarithm. The logarithm grows more slowly than every positive power of x. In

particular,
Inz <z
for all sufficiently large x.
Step 2: Divide by z2 > 0.
Inz _+z 1
VS S T on

Step 3: Test the upper comparison.

/OC 732 dx
2

converges because it is a p-integral with p = 3/2 > 1.
Step 4: Apply direct comparison. Therefore, the original integral converges.

converges
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Calculus II Section 1-9: Comparison Tests

Question 6

A student uses

1 1
< p—
vz+1 oz

to claim convergence on [1,00). Explain the error and classify the integral.
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Calculus II Section 1-9: Comparison Tests

Question 6 — Solution

Step 1: Identify the error. The comparison integral

/ > dx
1 X
diverges. Being smaller than a divergent function does not prove convergence; a smaller positive function

may converge or diverge.
Step 2: Use limit comparison with g(z) = 1/z.

2
L= lim 1/vaz+1
T—00 1/3’;

Step 3: Apply limit comparison. Since 0 < L < oo and the harmonic integral diverges, the original
integral also diverges.

diverges by limit comparison‘
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Calculus II Section 1-9: Comparison Tests

Question 7

Use dominant powers to determine convergence:

/ i;dx.
1 X+
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Calculus II Section 1-9: Comparison Tests

Question 7 — Solution

Step 1: Choose a comparison. The dominant powers give

so let g(z) = 1/22%.
Step 2: Compute the limit ratio.

3 5
L @)/ )
Z—00 1/x2
L oab 442
= lim —
rz—oo I° + X
1 3
= lim 7+4/x =

Step 3: Apply limit comparison. Since floo x~2dx converges and 0 < L < oo, the original integral

converges.
converges
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Calculus 1I Section 1-9: Comparison Tests

Question 8

Find all real p for which the integral converges:

/°° dx
1 .Tp+1
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Calculus 1I Section 1-9: Comparison Tests

Question 8 — Solution
Step 1: Consider p > 0. Compare with g(z) = 1/aP:

P
L= tim Y&+
P
lim
xz—oo P 4 1

= lim —— =
z—o0 1 4+ 1/xP

Thus the original integral has the same behavior as the p-integral floo x~P dx, which converges exactly when
p>1.

Step 2: Consider p = 0. The integrand is 1/2, so the integral diverges.

Step 3: Consider p < 0. Then zP? — 0, so

1
— = 1#£0.
xP 4+ 1 7

Forz > 1and p < 0, 2P < 1, so the integrand is at least 1/2. Comparison with floo(l/Q) dx proves divergence.

p>1
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Calculus 1I Section 1-9: Comparison Tests

Question 9

Use limit comparison to determine convergence near x = 0:

Uoda
o sinz’
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Calculus 1I Section 1-9: Comparison Tests

Question 9 — Solution

Step 1: Choose a comparison. Since sinz ~ x near zero, compare with g(z) = 1/z.
Step 2: Compute the limit ratio.

1/si
I - lm /sinx
z—0t 1/£C
= lim — =1.
z—0+ sinx
Step 3: Test the comparison integral.
Ydx

= lim (—Ilne) = 0.
0o X e—=0t

Since 0 < L < oo, limit comparison shows that the original integral diverges.

diverges
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Calculus II Section 1-9: Comparison Tests

Question 10

Use a two-sided estimate to determine convergence:

/°° dx
1 22+ 3z’
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Calculus II Section 1-9: Comparison Tests

Question 10 — Solution
Step 1: Bound the denominator. For z > 1, we have 2 < 22, so
3z < 322

Adding z? gives
2?2 < 2% + 3 < 422,

Step 2: Take reciprocals. All terms are positive, so

1 < 1
42 — 22 4+ 3z

/ood:v
1 m

Step 4: Apply direct comparison. Since the original integrand is nonnegative and bounded above by
an integrable function, the integral converges.

<1
=2

Step 3: Test the upper comparison.

converges
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Calculus II Section 1-10: Numerical Integration

Question 1

Given

f(O):l, f(l):27 f(2):57 f(3):107 f(4):177

use Ty to approximate f04 f(z)dx.
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Calculus II Section 1-10: Numerical Integration

Question 1 — Solution

Step 1: Find the subinterval width.

- b—a _ 4-0 1
n 4
Step 2: Write the trapezoidal formula.
h
Ty = 5 [f(xo) +2f(21) + 2f(22) + 2f(23) + f(z4)].

Step 3: Substitute the table values.
1
T, = 5[1 +2(2) +2(5) +2(10) + 17]
1
= 5[1+4+10+20+17}

L52) = 2.

2
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Calculus II Section 1-10: Numerical Integration

Question 2

Use M, to approximate

Give the exponential form and a decimal.
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Calculus II Section 1-10: Numerical Integration

Question 2 — Solution

Step 1: Find the width.

Step 2: Find the four midpoints.
0.25, 0.75, 1.25, 1.75.

Step 3: Apply the midpoint formula.

4

My =hY_ f(m)

=1
—05 ((3—(0-25)2 4 (0157 4 —(125)7 e—(1.75)2) .

Step 4: Evaluate.
M, ~ 0.88278895.

M, ~ 0.8828
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Calculus II Section 1-10: Numerical Integration

Question 3

Use Simpson’s Rule with n = 4 to approximate

2
/ V1+ z3dx.
0
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Calculus II Section 1-10: Numerical Integration

Question 3 — Solution

Step 1: Find the width and nodes.

h= 24;0 =05, ;=0,05,1,1.5,2.
Step 2: Evaluate f(x) =1+ 5.
F0) =1, £(0.5) = VI.125, F(1) = V2,
F(1.5) = V4.375, £(2) = 3.

Step 3: Apply Simpson’s Rule.

Si = 5 1(0) +4£(05) +2/(1) + 4/(15) + S (2)]

3
0.5

-3 [1 4 A4VT25 + 2V2 4+ 4VA3T5 + 3]

~ 3.23961135.

Sy ~ 3.2396
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Calculus II Section 1-10: Numerical Integration

Question 4

For increasing f, explain why

b
Lng/ f(z)dz < R,.

Then bound fol e® dx using n = 2.
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Calculus II Section 1-10: Numerical Integration

Question 4 — Solution

Step 1: Justify the inequality. On each subinterval, an increasing function satisfies
flwica) < f(@) < flai).
Multiplying by Az > 0 and adding over all subintervals gives

b
Ly, S/ f(x)dr < R,,.

Step 2: Find the width and nodes.

1-0 1
AI:T:§7 x0:O71‘1:§,I2:1-
Step 3: Compute both sums.
1 1 1/2
L2:§[f(0)+f(1/2)]:§(1+e ) ~ 1.3244,
1 1
Ry = S[f(1/2) + F(1)] = 5(e!/? + €) ~ 2.1835.

Step 4: State the bound.

1
1.3244 < / e“dr < 2.1835
0
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Calculus II Section 1-10: Numerical Integration

Question 5

2 . . . .
For fo z* dz, determine whether T}, and M,, are overestimates or underestimates. Use concavity.
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Calculus II Section 1-10: Numerical Integration

Question 5 — Solution

Step 1: Determine concavity. For f(z) = 2*,

f(x) = 4a3, f(x) = 1222

On [0,2], f”(x) > 0, so the graph is concave up.
Step 2: Interpret the trapezoidal approximation. For a concave-up function, each secant line lies
above the graph. Therefore,
2
T, > / zt dx.
0

Step 3: Interpret the midpoint approximation. For a concave-up function, midpoint rectangles lie
below the graph on average. Therefore,

2
M, < / ztdx.
0

]Tn>1, Mn<1\
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Calculus II Section 1-10: Numerical Integration

Question 6

How large must n be for T;, to approximate

1
/ e’ dx
0

within 10747 Use |f"(x)| <e.
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Calculus II Section 1-10: Numerical Integration

Question 6 — Solution
Step 1: Write the trapezoidal error bound.

K(b—a)?

Er| <
|Brl < 12n2

Here K =eand b—a =1, so

e
BEr| < ——.
Bl < 15,

Step 2: Require the bound to be at most 1074,

(&
<10~*
12n2 — ’
e < 0.0012n2,
2> ~ 2265.23
"= 00012 ’

n > v2265.23 ~ 47.594.

Step 3: Choose the smallest integer.
n = 48
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Calculus II Section 1-10: Numerical Integration

Question 7

Show that Simpson’s Rule with n = 2 is exact for

2
/ 22 dz.
0
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Calculus II Section 1-10: Numerical Integration

Question 7 — Solution

Step 1: Find the width and nodes.

9 _
h:TOZL 1’0:07I1:1,$2:2.
Step 2: Apply Simpson’s Rule.

Sy = S [f(xo) + 4f(z1) + f(22)]

= -[0% +4(1%) + 27

= wl >

=-(0+4+8)=4.

Wl W

Step 3: Evaluate the exact integral.

Since S5 = I, Simpson’s Rule is exact here.
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Calculus II Section 1-10: Numerical Integration

Question 8
For an increasing function on [0, 3], suppose
L6 = 72, R(, = 87

Find Ty and bound the integral.

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-10: Numerical Integration

Question 8 — Solution

Step 1: Use the trapezoidal-average identity. With equal-width subintervals,

L,+ R,
T, = ——.
2
Thus
T, = 7.2+ 8.7
2
15.9
=— = 7.95.

Step 2: Use monotonicity to bound the integral. Because f is increasing, left endpoints underestimate

and right endpoints overestimate:
L < I < Rg.

Therefore,
7.2<1<87.

72<I<87 1Ts=795

© 2026 Stem-Master.com, All rights reserved.



Calculus II Section 1-10: Numerical Integration

Question 9

A velocity is measured every second:

Use Ty to estimate displacement.
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Calculus II Section 1-10: Numerical Integration

Question 9 — Solution

Step 1: Find the time width.
4-0
h = 1 = 1 second.

Step 2: Apply the trapezoidal formula.

h
T, = 5[’[}0 + 2v1 + 209 + 2v3 + ’04}

= 51042(3) +2(5) +2(6) + 4
%[0—?—6—1—10—&-12—1—4]

1
—(32) = 16.

532)

Step 3: Include units. Velocity times time gives displacement in meters.

16 m
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Calculus II Section 1-10: Numerical Integration

Question 10

For Simpson’s Rule on [0, 7], suppose
|f@ (@) < 1.

Find the smallest even n that guarantees error at most 1076,
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Calculus II Section 1-10: Numerical Integration

Question 10 — Solution
Step 1: Write Simpson’s error bound.

K(b—a)®

Eg| <
|Bs| < 18004

Here K =1and b—a =, so
5

™
Fql < —.
Esl = 550
Step 2: Require the bound to be at most 1075.

5
—_<10°¢
180n4 — ’

nt > L

~ 180-10-6’

- 7T5 1/4
n —_—
— \180-10-6
~ 36.109.
Step 3: Enforce Simpson’s even-n requirement. The first even integer at least 36.109 is 38.

n =38
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