Calculus I Section 7-7: Types of Infinity

Question 1

Prove that |
lim —% =,
T—00 T
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Calculus I Section 7-7: Types of Infinity

Question 1 - Solution

We compare the growth rates of the numerator and denominator.

For z > 0, both Inz and z are differentiable. Apply L’Hdpital’s Rule to the limit

. lnz
lim —.
r—o0 I
Differentiate the numerator and denominator:
d 1 d
—(1 = - —_— =1.
dz (Inz) x’ dx ()
Thus,
1 1 1
lim nr_ lim ﬁ: lim —.
T—00 I R | T—00 I
From basic limits,
lim — =0
T—00 I
Therefore,
|
lim —2 =
T—00 I
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Calculus I Section 7-7: Types of Infinity

Question 2

Prove that

n

lim — =0 for any positive integer n.
rz—o0 el
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Calculus I Section 7-7: Types of Infinity

Question 2 - Solution

We compare the growth rates of the polynomial ™ and the exponential function e*.

Both ™ and e® are differentiable for all real . Apply L’Hopital’s Rule repeatedly to the limit

Differentiate the numerator and denominator once:

d d
%(:c") =nz" !, . (e%) = €.
Thus,
n n—1
lim — = lim ne
rz—o0 el T—00 e’

Apply L’Hopital’s Rule again. After n applications, the numerator becomes a constant:

Since e® grows without bound as x — oo,

Therefore,
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Calculus I Section 7-7: Types of Infinity

Question 3

Prove that

1
lim \/x2—|—z—x:§.

r—00
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Calculus I Section 7-7: Types of Infinity

Question 3 - Solution

We begin by algebraically simplifying the expression.

Vx4 -z

Consider

Multiply and divide by the conjugate:

5 x_f_(\/x2+:c—z)(\/x2+x+x)
Ve Nz |

Simplify the numerator:
(22 +x) — 2 = 2.

Thus,

x
Vatdr—r= ——mu-——.
Vit +ao

Factor x out of the square root in the denominator:

1
vVai+r=x/14+ —.
x

Substitute:
T B T
o J1+1 42 x( 1+%+1)
Cancel z:
1
1+1+1
Now take the limit as x — oo:
1 1 1

lim

1
2
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Calculus I Section 7-7: Types of Infinity

Question 4

Prove that

lim (a:— vV x? —31:) = g

r—00
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Calculus I Section 7-7: Types of Infinity

Question 4 - Solution

We simplify the expression using algebraic manipulation.
Consider

x — Va2 — 3z
Multiply and divide by the conjugate:

a3 — (x — Va2 = 3z)(z + Va2 — 3x)
v s = T +Vzx2 —3x )

Simplify the numerator:

2? — (2 — 3z) = 3a.
Thus,

3
r— Va2 -3z <

o4+ V22 =3z
Factor x out of the square root in the denominator:

\/x2—3x:x\/1—%

3z

- 3
r4z/1-2 14,/1-2

Substitute into the expression:

Now take the limit as x — oo:

T 3 3 3
1m = = —.
;c—>ool+ 1_% 1+\/I 2

3
2
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Calculus I Section 7-7: Types of Infinity

Question 5

Prove that

lim (\/x2+5m— \/:1:2—1—:1:) =2.
T—r00
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Calculus I Section 7-7: Types of Infinity

Question 5 - Solution

We simplify the expression by factoring out = from each square root.

Consider

Va2 + 5z — /22 + 2.

Factor z? inside each square root:

Since z > 0 for large x, this becomes

5 1
x<\/1+—\/1+>.
x x
Multiply and divide by the conjugate:

(Vi+2-y1+1) (\/1+§+\/1+§).

() (+2)-2

x -

Simplify the numerator:

Thus the expression becomes

4 4
T - = :
Ji+tE+1+L iese 14l

Now take the limit as z — oo:

lim

4 4,
T—00 /1+§+ /1+l_1—|—1_'
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Calculus I Section 7-7: Types of Infinity

Question 6

Prove that

lim (\/:1724—433—1—1—30) = 2.

T—00
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Calculus I Section 7-7: Types of Infinity

Question 6 - Solution

Start with the expression
Vri+dr+1-—zx.

Multiply and divide by the conjugate:

il — o= (\/x2+4x+1—x)(\/x2+4x+1+m).
V2 +dr+1+z

Simplify the numerator:
(2 +4x+1) —2® =4 + 1.
Thus,

4 1
Vai+de+1—2a = i )
Vri+dr+1+2

Factor x from the square root in the denominator:

4 1
Vatt+dr+1=mx/1+ -+ —.
xr  x

Substitute:
dr +1 B 4+
o1+ 4+ L +o 1+24+ L 41
Take the limit as x — oo:
4+ 1 4

lim = = =2
e ity Ly 1L
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Calculus I Section 7-7: Types of Infinity

Question 7

Prove that

lim z(\/acQ +1 —x) =

T—r00
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Calculus I Section 7-7: Types of Infinity

Question 7 - Solution

Begin with the expression

az:(\/gc2 +1- m)
Factor the expression inside the parentheses using a conjugate:
/79624_1_%:(\/x2+1—m)(\/1:2—|—1+a:):(x2+1)—x2: 1 .
Va4 142 Va?+1+a 2+ 1+x
Substitute this back: "
z(Va2+1-—z) = NEES TS

Factor x out of the square root in the denominator:

1
\/x2+1:xq/1+—2.
X
T B 1
o\ 1+5+z 1+ 5 +1

1 1 1
lim

1
2

Thus

)

Now take the limit as z — oo:
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Calculus I Section 7-7: Types of Infinity

Question 8

Prove that
lim (In(z+1) —Ilnz) =0.

T—00
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Calculus I Section 7-7: Types of Infinity

Question 8 - Solution

Combine the logarithms using logarithmic properties:

In(x+1) —lnx —1n<x+1> .

T

Rewrite the fraction:

1 1
T+ 42
T x
Thus, the expression becomes
1
In (1 + ) .
T
Now take the limit as x — oco. Since
lim — =0,
T—00 I

and the natural logarithm function is continuous at 1, we obtain
) 1
lim ln(l + ) =In(1) =0.
T—r00 X

[0]
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Calculus I Section 7-7: Types of Infinity

Question 9

Prove that
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Calculus I Section 7-7: Types of Infinity

Question 9 - Solution

We compare the growth rates of the logarithmic function and the power function.

Both Inz and /x are positive and differentiable for x > 0. Apply L’Hopital’s Rule to the limit

. Inz
lim —
T—00 /2
Differentiate the numerator and denominator:
d 1 d 1
lirg| . el -
d (Inz) x’ dx(ﬁ) 2/
Thus,
1 1 2
lim ar_ lim %: lim v
Simplify:
2\/x 2
r Az
Since
. 1
lim — =0,
x—00 /o
it follows that 9
lim — =0.
e NG
Therefore,
|
lim —2 =0
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Calculus I Section 7-7: Types of Infinity

Question 10

Prove that
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Calculus I Section 7-7: Types of Infinity

Question 10 - Solution

Let

8

Lzlim( ) .

Take the natural logarithm:

InL = lim :Eln( ac
r+1

r—00

m(:ﬂf—l) (H;) ( 91:>

InL = — lim xln<1—|— 1) .

T—00 x

. 1
lim xln(l + ) .
L£—00 T

1
lim M

Tr— 00 l
x

Rewrite the logarithm:

Thus,

Consider the limit

Rewrite it as a quotient:

This is an indeterminate form %, so apply L’Hopital’s Rule.

Differentiate numerator and denominator:

LN AT S NG AU
dz r) z(x+1) de \z) a2’

Thus,
In(1+ 41 ps ;1 2
lim (196):1 et _ T - z -
Therefore,
InL=-1
Exponentiating both sides:
1
L=e¢t==-.
e
1
e
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