Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 1
Assume lim,_,, f(z) = L and lim,_,, g(z) = M. Prove that

lim (f(z)g(x)) = LM.

T—ra
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 1 - Solution

Let € > 0 be given.
We must show there exists 6 > 0 such that if 0 < |z — a| < ¢, then

[f(x)g(z) = LM| <e.
Start by adding and subtracting Lg(z):

f(@)g(z) = LM = f(z)g(x) — Lg(x) + Lg(x) — LM = g(z)(f(z) — L) + L(g(z) — M).
Take absolute values and use the triangle inequality:

|f(x)g(x) = LM| < [g(x)[ | f () — L] + [L]||g(z) — M].
To control |g(x)], use the fact that g(z) — M.
Since lim, ., g(z) = M, there exists d; > 0 such that if 0 < |x — a| < 41, then

lg(x) — M| < 1.
Then, for 0 < |z — a| < 01,

lg(@)| = lg(x) = M + M| < |g(x) — M|+ [M] <1+ [M].
Now choose d2 > 0 such that if 0 < |z — a| < g, then

3

|f(z) — L] < m

This is possible because lim,_,, f(z) = L.
Next choose d3 > 0 such that if 0 < |z — a| < d3, then

€
M < —
This is possible because lim,_,, g(xz) = M.
Let

6= min(él, (52, (53)
Then whenever 0 < |z — a| < J, we have simultaneously:

g g
lg(z) — M| < 5

lg(@)] <1+[M]|, |f(z) - LI <3 ST

(L+ M)’
Substitute into the estimate:

|f(z)g(x) — LM| < |g(x)||f(z) — L| + |L||g(z) — M].
For the first term:

3 £
lg()||f(z) — L] < (14 |M])- ST = 5
For the second term:
e|L| €
L M < —= <.
Ello(e) = M| € 57 < 5

Therefore,
€

216.

F@)g(@) - LM| < < +

Since € > 0 was arbitrary, it follows that

lim (f(z)g(x)) = LM.

T—ra
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 2
Assume that lim,_,, f(z) = L and that c is a constant. Prove that

lim (cf(z)) = cL.

T—ra
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 2 - Solution
Let € > 0 be given. We must show that there exists § > 0 such that if
0<|z—al <é,
then
lef(z) — cL| < e.
Start by factoring out the constant:
lef(x) = cL| = |¢] - |f(z) — LI.
Since lim,_,, f(2z) = L, there exists 6 > 0 such that whenever
0<|x—al <o,

we have
€

[f(x) = L <

el

provided ¢ # 0.
Substitute this into the inequality:
€

lc]

=E.

lef(z) —cL| = || - [f(x) = L] < |¢] -

Thus, whenever 0 < |z — a| < §, we have
lef(z) —cL| < e.

Therefore,
lim (cf(z)) = cL.

r—a

If ¢ =0, then ¢f(x) = 0 for all z, and the result holds trivially.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 3

Assume that lim,_,, f(z) = L. Prove that

lim [£(2)| = |L.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 3 - Solution
Let € > 0 be given. We must show that there exists § > 0 such that if
0<|z—al <o,

then
|1f ()| = L] <e.

Recall the inequality
[luf = Jo]] < Ju—v|

for all real numbers u and v.
Apply this inequality with v = f(x) and v = L:

|[f (@) = |[LI| < [f(x) = L.
Since lim,_,, f(z) = L, there exists 6 > 0 such that whenever
0<|z—al<d,

we have
|f(z)—L| <e.

Combining the inequalities gives
1F (@) = |L|] < |f(x) - L| < e.

Thus, whenever 0 < |z —a| < 4,
|1 ()] = Ll| <e.

Therefore,
lim |f(z)| = |L].
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 4
Assume that lim,_,, f(z) = L and lim,_,, g(z) = M, with M # 0. Prove that

flz) _ L

oo g(w) M
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 4 - Solution

Let € > 0. Since g(x) — M # 0, choose 01 > 0 such that |g(x) — M| < |M|/2 when 0 < |z — a|] < §;. Then
lg(x)| > [M]/2.
By the two assumed limits, choose d2,d3 > 0 to ensure respectively

fa) - 21 <

Take § = min(51,52,53). For 0 < |l’ — CL| <9,

flx) ’ |f(ﬂ?)—L|+|L| lg(z) — M|

glx) M|~ |g(x)] |M]]g(z)|

21f(@) ~ 1] 2ILIlgta) ~ M|
|M| |M|?

€ e|L|

2 P ey ©F

(The first term makes the penultimate inequality strict even if L = 0.) This proves lim f(z)/g(z) = L/M.
r—a

e|M?

lg(z) — M| < m
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 5
Assume that lim,_,, f(z) = L. Prove that

lim (f(z) +¢) =L+e,

T—ra

where ¢ is a constant.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 5 - Solution
Let € > 0 be given. We must show that there exists § > 0 such that whenever
0<|z—al <o,

we have
I(f(z)+¢) = (L+c)| <e.

Simplify the expression inside the absolute value:
(F@)+¢) — (L+0)| = | f(z) — LI
Since lim, 4 f(2z) = L, by definition of the limit there exists § > 0 such that whenever
0<|x—al <o,

we have
f(@) - L] <e.

Therefore, for the same 4,
[(f(z) +¢)— (L+0)| <e.

This proves that
lim (f(z) +¢) =L +ec.

T—ra
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 6
Assume that lim,_,, f(z) = L. Prove that

lim (f(z) —¢) =L —¢,

T—ra

where ¢ is a constant.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 6 - Solution
Let € > 0 be given. We must show that there exists § > 0 such that if
0<|z—al <o,

then
I(f(@) —¢c) = (L =) <e.
Simplify the expression:
[(f(x) —¢) = (L= )| = | f(x) — L.
Since lim,_,, f(x) = L, by the definition of the limit there exists § > 0 such that whenever
0<|x—al <o,
we have
f@)— L] < =.

Thus, for this same choice of 4,

|(f(z)—c)— (L—c)| <e.

Therefore,
lim (f(z) —¢) =L —c.

T—ra
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Calculus 1

Section 7-1: Proof of Various Limit Properties

Question 7

Assume that

and that

Prove that

lim f(z) =L and lim g(x) = M,

r—a T—a

f(x) <g(x) for all x near a.

L <M.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 7 - Solution

We argue by contradiction.

Suppose, to the contrary, that

Then the positive number

satisfies € > 0.
Since lim,_,, f(x) = L, there exists §; > 0 such that whenever
0< |z —al<d,
we have
|f(z)—L| <e.

This implies
L+ M

flz) >L—e= 5

Similarly, since lim,_,, g(x) = M, there exists do > 0 such that whenever
0< |£L’ — a| < 62,
we have
l9(x) — M]| <=

This implies
L+ M

glz) <M +e=—

Let
6= min(él, 52)

Then for all x satisfying 0 < |z — a| < J, we have

L+M L+M
f(z) > 5 and g¢(z) < 5

Thus,
f(x) > g(x),

which contradicts the assumption that f(z) < g(z) near a.

Therefore, our assumption that L > M must be false, and we conclude that

L <M.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 8

Assume that
lim f(zr)=L and f(z)>0 forall z near a.

r—a

Prove that
L>0.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 8 - Solution

We prove this by contradiction.

Assume, to the contrary, that

L<0
Then the positive number
—L
Ty

satisfies € > 0.

Since lim,_,, f(x) = L, there exists 6 > 0 such that whenever
0<|z—al <9,
we have
|f(z) = L| <e.
This inequality implies
L
2

—L

Because L < 0, we have
L
— < 0.
5 <
Thus, for all  with 0 < |z —a| < 4,

f(z) <0.

This contradicts the assumption that f(z) > 0 for all z near a.

Therefore, our assumption that L < 0 must be false. We conclude that

L>0.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 9

Assume that
lim f(z) =L and lim g(z) = L.
Tr—ra Tr—ra

Prove that
lim (f(z) — g(x)) = 0.

r—a
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 9 - Solution
Let € > 0 be given. We must show that there exists § > 0 such that whenever
0<|z—al <o,

we have

[f(z) = g(z)] <e.

Begin by rewriting the difference:

Take absolute values and apply the triangle inequality:
|f(x) —g(2)| < [f(x) = L] + [g(z) — LI.
Since lim,_,, f(z) = L, there exists d; > 0 such that
|f(x)—L| < g whenever 0 < |z — a| < ;.
Similarly, since lim,_,, g(z) = L, there exists d > 0 such that
lg(z) — L| < % whenever 0 < |z — a| < d2.

Let
6= min(éh 62)

Then for all x satisfying 0 < |z — a|] < 9,

€

B E.

|f(x) —g(@)| < |f(@) = L] +[g(z) — L| < % +

Therefore,

lim (f(z) — g(x)) = 0.

Tr—a
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 10

Assume that
lim f(z) =L and lim f(z) =M.
r—a r—a
Prove that
L =M.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 10 - Solution

We prove this by contradiction.

Assume, to the contrary, that
L+ M.

Then the positive number
_ L= M]

c 2

satisfies € > 0.
Since lim, . f(z) = L, there exists d; > 0 such that whenever
0< |z —al <o,

we have
@) - Ll <e.

Similarly, since lim,_,, f(x) = M, there exists d > 0 such that whenever
0<|z—al <d,

we have

[f(z) = M| <e.

Let
0= min(él, 52)

Then for all « such that 0 < |x — a| < 4, both inequalities hold.
Using the triangle inequality,
|L=M[=I|L— f(z)+ f(x) = M| < |f(z) = L[ + [f(2) = M]|.

Substitute the bounds:
IL-M|<e+e=2=|L—- M|

This is a contradiction.

Therefore, our assumption that L # M is false. We conclude that

L=M.
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