Calculus I Section 6-5: More Volume Problems

Question 1

Find the volume of the solid obtained by rotating the region bounded by

y:$2, Z/:2—$7

about the z-axis.

-2 ~1

Rotate the shaded region about the z-axis.
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Calculus I Section 6-5: More Volume Problems

Question 1 — Solution

1. Find the intersections.
?=2-1r = 2’4+2-2=(x+2)(z—1)=0.
Thus z = —2 and = = 1, giving intersection points (—2,4) and (1, 1).

2. Choose washers and identify the radii.

Use vertical slices perpendicular to the z-axis. On [~2,1],0 < 22 <2 —x, so

R(z) =2 —x, r(z) = 22

3. Set up the volume and expand.

1 1
=T 2—T2 r =T —.%'2—$4 Z.
Ver [ (@i [ (2-0)?-at)a

(2—2)? -2t =44z + 2% — 2t

4. Find an antiderivative.
Using the power rule for each term,

3 5

F(z) = 4z — 22% + % - % V = n[F(z)]L,.
5. Evaluate the endpoints and subtract.
1 1 32 8 32 184
F(l)=4—-24-—-="2 F(-2)=-8—-8—~-+4 2 =_"2",
(1) * 3 5 15 (=2) 3 + 5 15
32 184 727
Vi=m (15 * 15> =175

All volumes are in cubic units.
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Calculus I Section 6-5: More Volume Problems

Question 2

The base of a solid is the region bounded by

y=+ and y=0,

from x = 0 to x = 4. Cross-sections perpendicular to the z-axis are squares. Find the volume of the
solid.

1 2 y=0 4

Shaded base region in the xy-plane.

Cross-section perpendicular to the z-axis

s(x)

Schematic cross-section; dimensions vary with z.
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Calculus I Section 6-5: More Volume Problems

Question 2 — Solution

1. Choose slices and bounds.

The cross-sections are perpendicular to the z-axis, so use slices of thickness dx on the given interval
0<x <4,

2. Find the square side length.

The vertical segment in the base is the side of the square:

8($) = Ytop — Ybottom = \/> —0= \/E

3. Write the cross-sectional area.

For a square, area is side squared:

4. Set up and integrate the volume.

Add the areas of the thin cross-sections:

V:/04A(x)da::/04xdx: [Jﬂo

5. Evaluate both bounds.

All volumes are in cubic units.
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Calculus I Section 6-5: More Volume Problems

Question 3

The base of a solid is the region enclosed by
y=sinz and y=0

from x = 0 to x = 7. Cross-sections perpendicular to the z-axis are semicircles whose diameters lie in
the base region. Find the volume of the solid.

y=sinz

0.5 1

7.‘-/2 y=20 T

Shaded base region in the xy-plane.

Cross-section perpendicular to the z-axis

d(x)

Schematic cross-section; dimensions vary with x.
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Calculus I Section 6-5: More Volume Problems

Question 3 — Solution

1. Identify the diameter and radius.

Use dzx slices for 0 < x < 7. The base segment is a diameter, so

d(x) =sinx — 0 =sinz, T(a:):T— 5
2. Find the area of a semicircle.
A(z) = 17r7“(ac)2 = %7‘( <sir21m> = gsin2 x.
3. Set up the volume and use a trigonometric identity.
V:W/WsiHQ:cdx, sin%zzM.
8 Jo 2

™

" (1 — cos(2x)) dx.

V=_
16 J,

4. Integrate with the chain-rule factor.

Since [ cos(2z) dx = sin(2z)/2,

5. Apply the bounds.

All volumes are in cubic units.
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Calculus I Section 6-5: More Volume Problems

Question 4

The base of a solid is the region enclosed by
y=1—2% and y=0

between their intersection points. Cross-sections perpendicular to the z-axis are equilateral triangles.
Find the volume of the solid.

Shaded base region in the xy-plane.

Cross-section perpendicular to the z-axis

Schematic cross-section; dimensions vary with z.
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Calculus I Section 6-5: More Volume Problems

Question 4 — Solution

1. Find the bounds and side length.

The intersections satisfy 1 — 22 = 0, so = —1,1. A vertical base segment gives

s(z) =1 — 2? (-1 <zx<1).

2. Find the area of an equilateral triangle.

The altitude is \/s2 — (5/2)2 = v/3 s/2. Hence
1 V3 \/§ \/g
A=-s| =g | =252 Az) = ~=(1 — 222
25<2s> 5 (x) 4( x%)
3. Set up the volume and expand.

V= \Z/f/_ll(l — 2%)2dx = \{f/l (1 —22% + 2)da.

4. Use symmetry and integrate.

The integrand is even, so

3 (! 31 228 2%
V:\g/(l—2x2+w4)d:n:f[x—x —I—x} .
0 0

5. Evaluate and simplify.

\f( 2 1):\23(15—1150+3>:4f'

All volumes are in cubic units.
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Calculus I Section 6-5: More Volume Problems

Question 5

The base of a solid is the region bounded by

y=z and y=a>

between their intersection points. Cross-sections perpendicular to the x-axis are rectangles whose height
is twice the base in the region. Find the volume of the solid.

0.5 1 y=z

0.5 1

Shaded base region in the xy-plane.

Cross-section perpendicular to the z-axis

2b(x)

b(x)

Schematic cross-section; dimensions vary with x.
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Calculus I Section 6-5: More Volume Problems

Question 5 — Solution

1. Find the interval and upper curve.

r=12 = z(z-1)=0 = z=0,1.

On [0,1], = > 22, so the line lies above the parabola.

2. Identify the rectangle dimensions.

The base is the vertical distance between curves; its height is twice that distance:

b(x) =z — 22, h(z) = 2b(z) = 2(x — 2?).
3. Find the area and expand.
A(z) = b(z)h(z) = 2(z — 2%)? = 222 — 42 + 22,
4. Set up and integrate the volume.
1 9 1
V= /0 A(z)dx = [Bx?’ —zt+ 335] :

Each term follows from [ 2" dx = 2"™!/(n +1).

5. Evaluate and combine the fractions.

2 2 10-15+6 1
= *—1 - — = = — |
v (3 +5) 0 15 15

All volumes are in cubic units.
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Calculus I Section 6-5: More Volume Problems

Question 6

The base of a solid is the region bounded by
y=-cosx and y=sinx

on the interval where cosx > sinz in the first quadrant. Cross-sections perpendicular to the z-axis are
isosceles right triangles with one leg lying in the base region. Find the volume of the solid.

1 Yy = COST

0.5

y=sinz

7T}4

Shaded base region in the xy-plane.

Cross-section perpendicular to the x-axis

Schematic cross-section; dimensions vary with z.
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Calculus I Section 6-5: More Volume Problems

Question 6 — Solution

1. Determine the bounds.

In the first quadrant, cosx = sinx at = 7/4. The specified order cosz > sinz holds for 0 < x < 7/4.

2. Identify the triangle leg and area.

The segment in the base is a leg, not the hypotenuse. Both perpendicular legs have length

(z) = cosz —sinz,  Az) = %E(z)z.

3. Set up the volume and simplify.

1 w/4
V= / (cosx — sinz)?dz.
2.Jo

(cosz —sinz)? = cos? z + sin® z — 2sinz cosz = 1 — sin(2z).

4. Integrate each term.

1 [m/4 1 1 /4
V= / (1 —sin(2x))dx = = |x + = cos(2x) .
2 Jo 2 2 0
5. Apply the bounds.
1 T 1 T 1 T 1
V—2|:<4+2COS2>—(0+2COSO):|— g—z

All volumes are in cubic units.
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Calculus I Section 6-5: More Volume Problems

Question 7

The base of a solid is the region bounded by
T
y=In(z+1) and y= 5

between their points of intersection. Cross-sections perpendicular to the xz-axis are right triangles whose
height is equal to the base. Find the volume of the solid.

Y
1.5 1
11 _
y=In(1+z)
y=ux/2

0.5 | /
‘ ‘ x
1 2

Shaded base region in the xy-plane.

Cross-section perpendicular to the z-axis

Schematic cross-section; dimensions vary with x.
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Calculus I Section 6-5: More Volume Problems

Question 7 — Solution

1. Define the intersection bounds.

Let b(z) = In(1 + x) — x/2. Since V/(x) = (1 — z)/(2(1 4+ z)), b increases to x = 1 and then decreases.
Its zeros are 0 and a unique a > 1 with

In(1+a)=a/2, a ~ 2.512862417.
This equation defines a exactly; b(z) > 0 on (0, a).

2. Find the triangular area and set up the volume.

Both perpendicular legs have length b(x), so

3. Expand and find the needed antiderivatives.

Write L = In(1 + ) and u = 1 + 2. The square is L? — L + 22/4. Integration by parts gives

2 2
L
/wazmﬂhnL+m, l/ﬂdx:gL_il+§_2_

For the first identity, use [In*udu = uln*u — 2 [ Inudu.

4. Combine the terms and apply the endpoints.

An antiderivative of the squared expression is

2 2 3
— wl?— w T
H(x) =uL <u+2>L+u+4+12.

At x =0, H(0) = 5/4. Substituting u = 1+ a and L = a/2 gives

a® a®> 3a a(a—3)?
Ha)-HO =5 -5+7 ="

5. Include the triangular-area factor.

]ﬂﬂ@—Hmﬂ:ggiﬁixQMM%M4

V=3 24

All volumes are in cubic units.
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Calculus I Section 6-5: More Volume Problems

Question 8

The base of a solid is the region bounded by

y=+v2r—z2 and y=0.

Cross-sections perpendicular to the z-axis are squares. Find the volume of the solid.

y=2x —x?

0.5 |

y=0 1 2
Shaded base region in the xy-plane.

Cross-section perpendicular to the z-axis

s()

s(x)

Schematic cross-section; dimensions vary with x.
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Calculus I Section 6-5: More Volume Problems

Question 8 — Solution

1. Determine the bounds.

The square root is real when 2z — 2% = (2 — x) > 0, giving 0 < 2 < 2. These endpoints are also the
intersections with y = 0.

2. Find the square side length.

The cross-sections are perpendicular to the x-axis. Their side length is the vertical segment in the base:

s(x) =V2x — 22 —0.

3. Find the cross-sectional area.

4. Set up and integrate the volume.

V= /02 Al)de = /02(21‘ Bk [9”2 B ﬂ Z |

5. Evaluate and simplify.

All volumes are in cubic units.
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Calculus I Section 6-5: More Volume Problems

Question 9

The base of a solid is the region bounded by
y=lz| and y=2,

between their intersection points. Cross-sections perpendicular to the x-axis are rectangles whose height
is three times their base. Find the volume of the solid.

Shaded base region in the zy-plane.

Cross-section perpendicular to the x-axis

3b(x)

b(x)

Schematic cross-section; dimensions vary with z.
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Calculus I Section 6-5: More Volume Problems

Question 9 — Solution

1. Find the bounds.

The intersections satisfy |x| = 2, giving = —2 and = = 2. Use dx slices because the cross-sections are
perpendicular to the z-axis.

2. Identify the rectangle dimensions.

The base length is top minus bottom, and the height is three times the base:

b(x) =2 — |z, h(z) =3(2 — |z|).

3. Set up the area and volume.

4. Use symmetry and integrate.

The integrand is even; on [0, 2], |x| = x. Thus

2 2

V:6/ (2—:U)2d:v:6/ (4 — 4z + 2%)dz.
0 0

2377

V:6[4x—2m2+} :

3 1o

5. Apply the bounds.

:.

w| oo

V:6[(8—8+§)—o] —6-

All volumes are in cubic units.
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Calculus I Section 6-5: More Volume Problems

Question 10

The base of a solid is the region bounded by

y=+z and y=2?

between their points of intersection. Cross-sections parallel to the y-axis are rectangles whose width is
equal to the distance between the curves and whose height is constant and equal to 2. Find the volume
of the solid.

0.5 |

0.5 1

Shaded base region in the xy-plane.

Cross-section perpendicular to the z-axis

w(x)

Schematic cross-section; dimensions vary with x.
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Calculus I Section 6-5: More Volume Problems

Question 10 — Solution

1. Interpret the slice direction and find the bounds.

The base segments are parallel to the y-axis, so they are vertical; integrate with respect to z. Solving
vz = 22 gives x = 2%, or 2(2® — 1) = 0. The real intersections occur at = = 0, 1.

2. Identify width and height.

For0<z <1,z > 22. Thus each rectangle has

The height of 2 extends out of the base plane.

3. Find the area and set up the integral.

Ax) = 2(Vr — %), V= /01 A(z)dx = 2/1(361/2 — 2?)dx.

0

4. Integrate using the power rule.

3
/xl/Qdmzzx?’/z, /xzda::g;.

371
V=2 2:63/2_1’7 .
3 0

5. Apply the bounds and simplify.

All volumes are in cubic units.
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