Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 1

Evaluate the definite integral

Loy
/ g
o V14 a2
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 1 - Solution

Use substitution to simplify the integrand.
Let
u=1+z°.

Then )
du=2xdx = xdr= idu.

Change the limits of integration. When x =0, u = 1. When x =1, u = 2.
Substitute into the integral:

1 2
T 1
——dr = - w2 du.
/o V1422 2/1

Integrate:
%./ufl/zdu: % 2ut? = \/u.
Apply the new limits:
\/ﬁ‘j =V2-1.
V2-1
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 2

Evaluate the definite integral

/2
/ sinx v1+ cosx dx.
0
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 2 - Solution

This integral suggests a substitution involving cos x because its derivative appears in the integrand.

Let
u=1+4 cosz.

Then
du = —sinzdr = —du=sinzdx.

Change the limits of integration. When z =0, cos0 =1, so u = 2. When z = 7, COS(%) =0,s0u=

Substitute into the integral:

/2 1 2
/ sina:Vl—&—cosatd:vz—/ \/ﬂdu:/ Vudu.
0 2 1

Integrate:

2
/\/ﬂdu = §u3/2.

Apply the limits:
gqﬁ/?f - ; (23/2 - 1) .

3 1
)

[V )
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 3

Evaluate the definite integral

2
1
/ Hdac.
1 :L.
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 3 - Solution

This integral is well suited for substitution because the derivative of Inx appears in the denominator.

Let
u=Inzx.

Then L
du = —dx.
x

Change the limits of integration. When x =1, u =In1 =0. When z =2, u = In 2.

.2 In2
1
/ Ed:L':/ udu.
1 L 0
2
/udu:u—.
2

2 (In 2)2

0 2

Substitute into the integral:

Integrate:

Apply the limits:
u2

2
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 4

Evaluate the definite integral

1 3
X
/ L
o V1+a24
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 4 - Solution

This integral suggests a substitution involving the expression inside the square root.

Let
u=1+z%

Then 1
du=423dx = 23dx= 1 du.
Change the limits of integration. When x =0, u = 1. When x =1, u = 2.

Substitute into the integral:

! a? 1 [? 1/2
——dx = - u~ ' du.
/o V1+ a2t 4 /1

Integrate:
Ll e, 1 g 1
4/u du = 1 2ut/? = 2\/6.
Apply the limits:
1 1
SV =5(v2-1)
2 2
V2-1
2
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 5

Evaluate the definite integral

/2
/ cos.x d
o 1l+sinz
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 5 - Solution

This integral is well suited for substitution because the derivative of sinz appears in the numerator.

Let
u=1+4sinz.

Then
du = cosx dx.

Change the limits of integration. When z = 0, sin0 =0, so v = 1. When z = 7, sin(%) =1,s0u=2.

71'/2 2 1
/ ﬂdx:/ — du.
0 1+sinz Ji1ou

1
/fduzlnu.
U

’ 2

Substitute into the integral:

Integrate:

Apply the limits:

Inu| =In2.
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 6

Evaluate the definite integral
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 6 - Solution

The integrand suggests a substitution involving 1 + 22.

Let
u=1+z°.

Then )
du=2xdxr = xdx= §du.

Change the limits of integration. When = = 0, v = 1. When z = /3, v = 4.

Substitute into the integral:

Integrate:

Apply the limits:
1 4

—In u’
1

= 11114 =In2.
2 2
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 7

Evaluate the definite integral

€1
/ —V1+Inzxdx.
1 x
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 7 - Solution

The integrand suggests a substitution involving In x.

Let
u=1+Inz.

Then L
du = —dx.
x

Change the limits of integration. When x =1, u = 1. When x = ¢, u = 2.

Substitute into the integral:

61 2
/ f\/l—&-lnxdaz:/ Vudu.
1 T 1

Integrate:
2 .
/\/ﬂdu = §u3/2.
Apply the limits:
2u3/2‘2 _2 (222 -1).
13

3
T
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 8

Evaluate the definite integral

1
2
[
o (1+2?)
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 8 - Solution

The integrand suggests a substitution involving 1 + 22.

Let
u=1+z°.

Then
du = 2x dx.

Change the limits of integration. When x =0, u = 1. When x =1, u = 2.

1 2
2
/%dmz/ w2 du.
o (I+22) 1

/u_2 du = —u""

Substitute into the integral:

Integrate:

Apply the limits:
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 9

Evaluate the definite integral
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 9 - Solution

This integral becomes simpler if we eliminate the square root by substitution.

Let
u=+v1-—zx.

Then

x=1-—1u? dr = —2u du.

Change the limits of integration. When x =0, u = 1. When x =1, u = 0.
Substitute into the integral:

VA 0 U
[ e e UL

0 2 1 2
—2u 2u

du = du.

/1 2wz ™ /0 2wz ™

Simplify:

Rewrite the integrand:

Thus,

1
4
24— | du.
[ (reame) o
/—2du:—2u,

/2:4u2du:2/1(u1/\5)2du.

1
/ =2 da = artanh(a).

Integrate term by term:

Use the standard result

Thus,

1
2/7 du = 2v/2 artanh(

1— (u/v2)? ﬁ) ’

Evaluate from 0 to 1:

U 1
—2u + 2v/2 artanh | — ‘ .
(\/§> 0

Final answer:

1
-2+ 2\/5 artanh()
V2
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 10

Evaluate the definite integral

1
/ V1 — 22 arcsinz dz.
0
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Calculus I Section 5-8: Substitution Rule for Definite Integrals

Question 10 - Solution

This integral is interesting because it mixes an inverse trigonometric function with an algebraic expression,
suggesting a trigonometric substitution.

Let

x =siné.

dx = cos6df, V1 — 22 = cosf.

Change the limits of integration. When z =0, 6 =0. When z =1, 6 = 7.

Then

Substitute into the integral:

1 w/2
/ V1 — 22 arcsinz dz = / 6 cos® 0 do.
0 0
Use the identity
1+ cos(26)

2
9 =
COS B

/2 1 /2 1 /2
/ 6 cos? 0df = f/ 0do + f/ 6 cos(26) de.
0 2Jo 2.Jo

1 (™2 1 (n/2)2 «x?
5/0 oo — 5 T =T

For the second integral, use integration by parts. Let

Then

The first integral is

u=20, dv = cos(26) db.
Then 1

du = db, V=g sin(26).
Thus,

1 /2

/W/Qe (20)d0 = * | Losi (29)—3/« (20) do
2 o COS = 2 2 Sin 2 Sin

Since sin(m) = 0 and sin(0) = 0, the boundary term vanishes. Also,

0

/sin(29) do = —% cos(26).

Therefore,
1 [7/? 1 . 1 1
5/0 0 cos(20) df = 3 [cos(29)]0/2 = g(—l -1)= 1
Combine results:
w2 1
16 4
L
1 4
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