Calculus I Section 5-6: Definition of the Definite Integral

Question 1

Consider the function
flx)=2zx+1

on the interval [0, 2].
Using the definition of the definite integral, express

/02(2374—1) do

as the limit of a Riemann sum with n equal subintervals.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 1 - Solution

Divide the interval [0,2] into n equal subintervals. Each subinterval has width
2
Ar = —.
n
Using right endpoints, the ¢th sample point is

9
a:i:O—&—iAsc:—Z.
n

Evaluate the function at x;:

The Riemann sum is

Simplify:
2 o [ 4i 8 < 2 —
2 (Rer)=m vy
=1 =1 i=1
Using
2 n(n+1) ~
pIIERLUSL R ST
i=1 i=1
we obtain . ) )
ﬁ'n(n+ )+* n=4<1+>+2
n 2 n
Thus,

2
/(2x+1)dx: lim (6—1—4) = 6.
0 n— 00 n

y=2zx+1
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Calculus I Section 5-6: Definition of the Definite Integral

Question 2

Let
f(z) = a?

on the interval [1, 3].
Using the definition of the definite integral, write

3
/ 22 dx
1

as the limit of a Riemann sum using midpoints.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 2 - Solution

Divide [1, 3] into n equal subintervals of width Az = 2/n.
The midpoints are zf =1+ (2i — 1)/n.

2 2 —1\2
Mfzf 1 .
SEN(E

i=1

Use >2(2i — 1) =n? and >.(2i — 1)? = n(4n? — 1)/3:

24n2 —1) 26 2
M,=2444+ 22020 _ 2 2
tat 3n? 3 3n?

3
/ 22dr = lim M, = —
J1

n— oo
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Calculus I Section 5-6: Definition of the Definite Integral

Question 3

Let

on the interval [0, 4].
Using the definition of the definite integral, write

/04\/5dx

as the limit of a Riemann sum using left endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 3 - Solution

Divide the interval [0,4] into n equal subintervals. Each subinterval has width

4
Ar = —.
n

Using left endpoints, the ith sample point is

Ti—1 = (Z — 1)Am =

f(xi_l):\/ZL(inl) :2\/1711'

Zf(mi1)A$_Z;2\/i;1-i—n$8/2;\/i1.

=1

Evaluate the function:

The Riemann sum is

Thus,

n— oo

4 n
. 8 Z .
o \/dez lim W \/Z—l.
i=1

As n — oo, this Riemann sum converges to the definite integral:

4 4
/ Vrdr = gx?’/z = 1—6
A 37,73
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Calculus I Section 5-6: Definition of the Definite Integral

Question 4

Let

on the interval [—1, 1].
Using the definition of the definite integral, express

1
1

—d

/4 a2 ™

as the limit of a Riemann sum using right endpoints, and evaluate the limit.
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Calculus 1 Section 5-6: Definition of the Definite

Integral

Question 4 - Solution
Divide the interval [—1, 1] into n equal subintervals. The width of each subinterval is

N O

2
n n’

Using right endpoints, the ¢th sample point is

9
:I:i:—l—l—iAx:—l—&——Z.
n

Evaluate the function:

The Riemann sum is

Thus,

Evaluating the definite integral,

1
1 1 s T s
/1 mdm = [arctanl’]_l = Z — (71) = 5

T
2

y = 1+I2
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Calculus I Section 5-6: Definition of the Definite Integral

Question 5

Let
flx) =€

on the interval [0, 1].
Using the definition of the definite integral, express

1
/ e® dx
0

as the limit of a Riemann sum using right endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 5- Solution

Partition the interval [0, 1] into n equal subintervals. Each subinterval has width
1
Ar = —.
n

Using right endpoints, the ¢th sample point is

T = 1Ax = L
n
Evaluate the function at each sample point:
fla) = elm.
The Riemann sum is
S fa)da= L3 e

Thus,

Evaluating the definite integral,
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Calculus I Section 5-6: Definition of the Definite Integral

Question 6

Let
fx) = |z]

on the interval [—2, 2].
Using the definition of the definite integral, express

2
/ || dx
-2

as the limit of a Riemann sum using equal subintervals, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 6 - Solution
Divide the interval [—2, 2] into n equal subintervals. Each subinterval has width

poo 222 4
n n

Using right endpoints, the ¢th sample point is

4
wi=—2+iAr = —2 4 —.
n

Evaluate the function: 4
)

Fla) = '—2 +

The Riemann sum is

G 4 4i
Thus,
2 n .
4 43
dr = lim — -2+ —.
[ =t 552
To evaluate the integral, use symmetry:
2 2
/ |:c|da::2/ xdz.
-2 0
Compute:
2277
[ -
2 1o
Y
E
_9 2
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Calculus I Section 5-6: Definition of the Definite Integral

Question 7

Let
flx)=3—-2z

on the interval [0, 1].
Using the definition of the definite integral, express

/01(3—2x)da:

as the limit of a Riemann sum using left endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 7 - Solution

Partition the interval [0, 1] into n equal subintervals. Each subinterval has width
1
Ar = —.
n
Using left endpoints, the ith sample point is
i—1
—

Ti—1 = (Z — 1)A1’ =

Evaluate the function at each sample point:

The Riemann sum is

1=1 i=1
Separate the sum:
1 [ 2 o
— ( 3—— (i — 1))
n \“ n -
i=1 i=1
Using
n n _ 1
Si=n  Ye-n="00
‘ ‘ 2
=1 =1
we obtain ) 2 n D
n(n —
—(3n—— =3—-(n—-1)—
Thus,

1 —
/(3—2x)dx:hm <3—" 1):2.
0 n— o0 n

y=3—-2z
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Calculus I Section 5-6: Definition of the Definite Integral

Question 8

Let 1
f(z) = =

on the interval [1, e].
Using the definition of the definite integral, express

e
1
/fdx

1 T

as the limit of a Riemann sum using right endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 8 - Solution

Partition the interval [1,e] into n equal subintervals. The width of each subinterval is

-1
A;E:e .

n

Using right endpoints, the ¢th sample point is

—1
2= 14ide=1+i"—~.
n
Evaluate the function at each sample point:
1
€T;) =
The Riemann sum is
= e—1 1
Zf(.’l?l)Al‘: n Zl%»ld
i=1 =1 n

Thus,

Evaluating the definite integral,
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Calculus I Section 5-6: Definition of the Definite Integral

Question 9

Let
2¢, 0<z <1,
fz) =

2 1<z <2,

)

Using the definition of the definite integral, express

/02 f(x)dzx

as the limit of a Riemann sum, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 9 - Solution

Partition the interval [0, 2] into n equal subintervals. Each subinterval has width

2
Axr = —.
n
Using right endpoints, the ¢th sample point is
2
Tr; = —.
n

The Riemann sum is
= 2~ (2
) Ax = — — .
> swar=230o(3)
i=1 i=1
Split the sum according to where the function changes behavior. The condition x; < 1 corresponds to

2i ,
—<1 = i<
n

|3

Thus,
n . n/2 . n
2 2
Zf(n):Z2<n)+ > o2
i=1 i=1 i=n/2+1
Compute each sum:
244 (/2241 n
S A AN S B
n 2 2

=1

Therefore,

Multiply by Ax:

Taking the limit,
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Calculus I Section 5-6: Definition of the Definite Integral

Question 10

Let
f(z) =sinz

on the interval [0, ].
Using the definition of the definite integral, express

s
/ sin z dx
0

as the limit of a Riemann sum using midpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 10 - Solution

Partition the interval [0, 7] into n equal subintervals. Each subinterval has width

The midpoint of the ith subinterval is

The Riemann sum is

Thus,

T TR o1
/0 51nmdx:nll_>nolon2151n(<z—2)

Evaluating the definite integral directly,

/ sinx dx = [fcos;c]g = (—cosm) — (—cos0) = 2.
0
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