
Calculus I Section 5-6: Definition of the Definite Integral

Question 1
Consider the function

f(x) = 2x+ 1

on the interval [0, 2].
Using the definition of the definite integral, express∫ 2

0

(2x+ 1) dx

as the limit of a Riemann sum with n equal subintervals.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 1 - Solution
Divide the interval [0, 2] into n equal subintervals. Each subinterval has width

∆x =
2

n
.

Using right endpoints, the ith sample point is

xi = 0 + i∆x =
2i

n
.

Evaluate the function at xi:
f(xi) = 2

(
2i

n

)
+ 1 =

4i

n
+ 1.

The Riemann sum is
n∑

i=1

f(xi)∆x =

n∑
i=1

(
4i

n
+ 1

)
2

n
.

Simplify:
2

n

n∑
i=1

(
4i

n
+ 1

)
=

8

n2

n∑
i=1

i+
2

n

n∑
i=1

1.

Using
n∑

i=1

i =
n(n+ 1)

2
,

n∑
i=1

1 = n,

we obtain
8

n2
· n(n+ 1)

2
+

2

n
· n = 4

(
1 +

1

n

)
+ 2.

Thus, ∫ 2

0

(2x+ 1) dx = lim
n→∞

(
6 +

4

n

)
= 6.

6

x

y

y = 2x+ 1

0 2
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Calculus I Section 5-6: Definition of the Definite Integral

Question 2
Let

f(x) = x2

on the interval [1, 3].
Using the definition of the definite integral, write∫ 3

1

x2 dx

as the limit of a Riemann sum using midpoints.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 2 - Solution
Divide [1, 3] into n equal subintervals of width ∆x = 2/n.

The midpoints are x∗
i = 1 + (2i− 1)/n.

Mn =
2

n

n∑
i=1

(
1 +

2i− 1

n

)2

.

Use
∑

(2i− 1) = n2 and
∑

(2i− 1)2 = n(4n2 − 1)/3:

Mn = 2 + 4 +
2(4n2 − 1)

3n2
=

26

3
− 2

3n2
.

∫ 3

1

x2 dx = lim
n→∞

Mn =
26

3
.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 3
Let

f(x) =
√
x

on the interval [0, 4].
Using the definition of the definite integral, write∫ 4

0

√
x dx

as the limit of a Riemann sum using left endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 3 - Solution
Divide the interval [0, 4] into n equal subintervals. Each subinterval has width

∆x =
4

n
.

Using left endpoints, the ith sample point is

xi−1 = (i− 1)∆x =
4(i− 1)

n
.

Evaluate the function:

f(xi−1) =

√
4(i− 1)

n
= 2

√
i− 1

n
.

The Riemann sum is
n∑

i=1

f(xi−1)∆x =

n∑
i=1

2

√
i− 1

n
· 4
n
=

8

n3/2

n∑
i=1

√
i− 1.

Thus, ∫ 4

0

√
x dx = lim

n→∞

8

n3/2

n∑
i=1

√
i− 1.

As n → ∞, this Riemann sum converges to the definite integral:∫ 4

0

√
x dx =

[
2

3
x3/2

]4
0

=
16

3
.

16

3

x

y

y =
√
x

0 4
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Calculus I Section 5-6: Definition of the Definite Integral

Question 4
Let

f(x) =
1

1 + x2

on the interval [−1, 1].
Using the definition of the definite integral, express∫ 1

−1

1

1 + x2
dx

as the limit of a Riemann sum using right endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 4 - Solution
Divide the interval [−1, 1] into n equal subintervals. The width of each subinterval is

∆x =
1− (−1)

n
=

2

n
.

Using right endpoints, the ith sample point is

xi = −1 + i∆x = −1 +
2i

n
.

Evaluate the function:
f(xi) =

1

1 +
(
−1 + 2i

n

)2 .
The Riemann sum is

n∑
i=1

f(xi)∆x =
2

n

n∑
i=1

1

1 +
(
−1 + 2i

n

)2 .
Thus, ∫ 1

−1

1

1 + x2
dx = lim

n→∞

2

n

n∑
i=1

1

1 +
(
−1 + 2i

n

)2 .
Evaluating the definite integral,∫ 1

−1

1

1 + x2
dx =

[
arctanx

]1
−1

=
π

4
−
(
−π

4

)
=

π

2
.

π

2

x

y
y = 1

1+x2

−1 1
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Calculus I Section 5-6: Definition of the Definite Integral

Question 5
Let

f(x) = ex

on the interval [0, 1].
Using the definition of the definite integral, express∫ 1

0

ex dx

as the limit of a Riemann sum using right endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 5- Solution
Partition the interval [0, 1] into n equal subintervals. Each subinterval has width

∆x =
1

n
.

Using right endpoints, the ith sample point is

xi = i∆x =
i

n
.

Evaluate the function at each sample point:

f(xi) = ei/n.

The Riemann sum is
n∑

i=1

f(xi)∆x =
1

n

n∑
i=1

ei/n.

Thus, ∫ 1

0

ex dx = lim
n→∞

1

n

n∑
i=1

ei/n.

Evaluating the definite integral, ∫ 1

0

ex dx =
[
ex
]1
0
= e− 1.

e− 1

x

y

y = ex

0 1
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Calculus I Section 5-6: Definition of the Definite Integral

Question 6
Let

f(x) = |x|

on the interval [−2, 2].
Using the definition of the definite integral, express∫ 2

−2

|x| dx

as the limit of a Riemann sum using equal subintervals, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 6 - Solution
Divide the interval [−2, 2] into n equal subintervals. Each subinterval has width

∆x =
2− (−2)

n
=

4

n
.

Using right endpoints, the ith sample point is

xi = −2 + i∆x = −2 +
4i

n
.

Evaluate the function:
f(xi) =

∣∣∣∣−2 +
4i

n

∣∣∣∣ .
The Riemann sum is

n∑
i=1

f(xi)∆x =
4

n

n∑
i=1

∣∣∣∣−2 +
4i

n

∣∣∣∣ .
Thus, ∫ 2

−2

|x| dx = lim
n→∞

4

n

n∑
i=1

∣∣∣∣−2 +
4i

n

∣∣∣∣ .
To evaluate the integral, use symmetry:∫ 2

−2

|x| dx = 2

∫ 2

0

x dx.

Compute:

2

[
x2

2

]2
0

= 4.

4

x

y

y = |x|

−2 2
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Calculus I Section 5-6: Definition of the Definite Integral

Question 7
Let

f(x) = 3− 2x

on the interval [0, 1].
Using the definition of the definite integral, express∫ 1

0

(3− 2x) dx

as the limit of a Riemann sum using left endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 7 - Solution
Partition the interval [0, 1] into n equal subintervals. Each subinterval has width

∆x =
1

n
.

Using left endpoints, the ith sample point is

xi−1 = (i− 1)∆x =
i− 1

n
.

Evaluate the function at each sample point:

f(xi−1) = 3− 2

(
i− 1

n

)
.

The Riemann sum is
n∑

i=1

f(xi−1)∆x =
1

n

n∑
i=1

(
3− 2(i− 1)

n

)
.

Separate the sum:
1

n

(
n∑

i=1

3− 2

n

n∑
i=1

(i− 1)

)
.

Using
n∑

i=1

1 = n,

n∑
i=1

(i− 1) =
n(n− 1)

2
,

we obtain
1

n

(
3n− 2

n
· n(n− 1)

2

)
= 3− (n− 1)

1

n
.

Thus, ∫ 1

0

(3− 2x) dx = lim
n→∞

(
3− n− 1

n

)
= 2.

2

x

y

y = 3− 2x

0 1

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 5-6: Definition of the Definite Integral

Question 8
Let

f(x) =
1

x

on the interval [1, e].
Using the definition of the definite integral, express∫ e

1

1

x
dx

as the limit of a Riemann sum using right endpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 8 - Solution
Partition the interval [1, e] into n equal subintervals. The width of each subinterval is

∆x =
e− 1

n
.

Using right endpoints, the ith sample point is

xi = 1 + i∆x = 1 + i
e− 1

n
.

Evaluate the function at each sample point:

f(xi) =
1

1 + i e−1
n

.

The Riemann sum is
n∑

i=1

f(xi)∆x =
e− 1

n

n∑
i=1

1

1 + i e−1
n

.

Thus, ∫ e

1

1

x
dx = lim

n→∞

e− 1

n

n∑
i=1

1

1 + i e−1
n

.

Evaluating the definite integral, ∫ e

1

1

x
dx =

[
lnx

]e
1
= 1.

1
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Calculus I Section 5-6: Definition of the Definite Integral

Question 9
Let

f(x) =

{
2x, 0 ≤ x ≤ 1,

2, 1 < x ≤ 2.

Using the definition of the definite integral, express∫ 2

0

f(x) dx

as the limit of a Riemann sum, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 9 - Solution
Partition the interval [0, 2] into n equal subintervals. Each subinterval has width

∆x =
2

n
.

Using right endpoints, the ith sample point is

xi =
2i

n
.

The Riemann sum is
n∑

i=1

f(xi)∆x =
2

n

n∑
i=1

f

(
2i

n

)
.

Split the sum according to where the function changes behavior. The condition xi ≤ 1 corresponds to

2i

n
≤ 1 ⇒ i ≤ n

2
.

Thus,
n∑

i=1

f

(
2i

n

)
=

n/2∑
i=1

2

(
2i

n

)
+

n∑
i=n/2+1

2.

Compute each sum:
n/2∑
i=1

4i

n
=

4

n
· (n/2)(n/2 + 1)

2
=

n

2
+ 1,

n∑
i=n/2+1

2 = 2 · n
2
= n.

Therefore,
n∑

i=1

f

(
2i

n

)
=

n

2
+ 1 + n =

3n

2
+ 1.

Multiply by ∆x:
2

n

(
3n

2
+ 1

)
= 3 +

2

n
.

Taking the limit, ∫ 2

0

f(x) dx = lim
n→∞

(
3 +

2

n

)
= 3.

3
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Calculus I Section 5-6: Definition of the Definite Integral

Question 10
Let

f(x) = sinx

on the interval [0, π].
Using the definition of the definite integral, express∫ π

0

sinx dx

as the limit of a Riemann sum using midpoints, and evaluate the limit.
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Calculus I Section 5-6: Definition of the Definite Integral

Question 10 - Solution
Partition the interval [0, π] into n equal subintervals. Each subinterval has width

∆x =
π

n
.

The midpoint of the ith subinterval is

x∗
i =

(
i− 1

2

)
∆x =

(
i− 1

2

)
π

n
.

Evaluate the function at each midpoint:

f(x∗
i ) = sin

((
i− 1

2

)
π

n

)
.

The Riemann sum is
n∑

i=1

f(x∗
i )∆x =

π

n

n∑
i=1

sin

((
i− 1

2

)
π

n

)
.

Thus, ∫ π

0

sinx dx = lim
n→∞

π

n

n∑
i=1

sin

((
i− 1

2

)
π

n

)
.

Evaluating the definite integral directly,∫ π

0

sinx dx =
[
− cosx

]π
0
= (− cosπ)− (− cos 0) = 2.

2
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