Calculus 1 Section 5-4: More Substitution

Question 1

Evaluate the integral

r 2
‘/1+x2\/1+ln(1+m )dx.
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Calculus 1 Section 5-4: More Substitution

Question 1 - Solution

Step 1: Choose a substitution
Set u =1+ In(1 + 22), so du = 2x/(1 + 2?) dx.

1 1 .
/lfiﬂs/l—i—ln(l—ka)dx:§/u1/2du:§ud/2—|—0.

(1+In(1+2%)"* +¢.

1
3

This is valid for every real x.
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Calculus 1 Section 5-4: More Substitution

Question 2

Evaluate the integral
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Calculus 1 Section 5-4: More Substitution

Question 2 - Solution

Because the integrand contains v/4 — 2, a trigonometric substitution is natural.
Let
x = 2sin6.

Then

dx = 2cosfdb, \/4—x2:\/4—4sin29:2cost9.
Substitute into the integral:

2 4sin® 6 .9
/ﬁd:ﬁ:/m~2cosgd9:/481n 0do.

Use the identity

sin? g — 1- cos(29).
2
Then ) 00
/4sin29d9 = 4/%() o = 2/(1 — cos(20)) df.
Integrate:

2 (9 _ ;sin(29)) — 20 — sin(26).

Return to x using

0= arcsin(g) ) sin(26) = 2sinf cosf = g\/él -z

Thus,

Qarcsin(g) — g\/4 -2+ C

© 2026 Stem-Master.com, All rights reserved.



Calculus 1 Section 5-4: More Substitution

Question 3

Evaluate the integral

2
/Iida:, r>3.
2 —9
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Calculus 1 Section 5-4: More Substitution

Question 3 - Solution
Because the integrand involves vx2 — a2, a hyperbolic substitution is natural.

Let
x = 3cosht.

dr = 3sinh t dt, Va2 —9=19cosh’t — 9 = 3sinht.

Substitute into the integral:

Then

z? 9 cosh? ¢ 9
———=dx = | ———— -3sinhtdt = | 9cosh”tdt.
/a/m2—9 / 3sinht /

Use the identity

1 h(2t
cosh?t = H#().

Then 0 0 )
/9cosh2tdt =3 /(1 + cosh(2t)) dt = 3 (t + 3 sinh(2t)) .

Simplify:

9 9

Return to z. Since

x=3cosht = = arcosh(%) ,
and
3 3 9

79 22v/22 — 9
sinh(2t) = 2sinh ¢ cosht = 2 (x) (x) _ VT T Y

Substitute back:

garcosh<§) + gx/xZ -9+ C
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Calculus 1 Section 5-4: More Substitution

Question 4

Evaluate the integral

x
/7@
J VxZ+2x+5
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Calculus 1 Section 5-4: More Substitution

Question 4 - Solution

Complete the square:
2 4+224+5=(r+1)>+4.

Let
u=x+1, du = dx, r=u—1.

Then the integral becomes
u—1

U 1
L du= [ e du— [ ——du.
vu? +4 “ /\/u2+4 " /\/u2+4 "

First integral: Let w = u? + 4, so dw = 2u du:

U 1
———du== [ w Y dw = Vu?+4.
/ Vu? +4 2 /
Second integral (expanded):
1
— du.
/ Vu? 44
Use a trigonometric substitution. Let
u = 2tan6.
Then
du = 2sec?0do, \/u2+4:\/4tan20+4:2sec9.
Substitute: »
1 2sec
———du= | ——df = 0de.
/m B / 2sect /Sec
Recall:

/sec€d9:1n|5609—|—tan0|.

Return to w:

U Vu? +4
tanf = —, sec) = ———.
2 2
Thus,
1
7du:1n(u+ u2+4>.
/ Vu?+4

Final Answer:

\/x2+2:c+5—1n(x+1+\/x2—|—2x+5)+C
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Calculus 1 Section 5-4: More Substitution

Question 5

Evaluate the integral

/ dx
1+4sinz’

© 2026 Stem-Master.com, All rights reserved.



Calculus 1 Section 5-4: More Substitution

Question 5 - Solution

The integrand is defined wherever 1 + sinx # 0.
A primitive valid on each such interval is

cosw
1+sinx
Indeed, the quotient rule gives
d cosz \ _ sinz(l+sinz)+cos®z 1
de \ 1+sinz) (1 + sinz)? ~ 1+sinaz’

This expression introduces no extra excluded points.
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Calculus 1 Section 5-4: More Substitution

Question 6

Evaluate the integral

/\/x2 + zdzx.
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Calculus 1 Section 5-4: More Substitution

Question 6 - Solution

Because the integrand involves a square root of a quadratic expression, an Euler substitution is effective.
Complete the square:

2= (o) -

1 1 1
x+§=§ t-; s t > 0.

1 1
dr==(1+=) dt
v 2<+t2) ’

e (i) 2

Substitute into the integral:

!

Use the substitution

Then

and

2

Simplify:

Integrate:

Substitute back using

Thus,

(z+13) \/x2+x—éln‘2x+1+2\/:ﬂ2+m’+C

1
2
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Calculus 1 Section 5-4: More Substitution

Question 7

Evaluate the integral

/\/x2 + zdzx.
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Calculus 1 Section 5-4: More Substitution

Question 7 - Solution

Begin by completing the square:
Let

Then

The integral becomes

Now use a standard substitution for expressions of the form vu? — a2. Let
u = % sec 6.

Then
duz%sec@tanﬁd@, u2—1:%tan9.

/y/iﬂ—idu:/%tan@-%secﬁtanﬂd@zi/tarﬁ@sec@dﬁ.

Use the identity tan? § = sec? — 1:

Substitute:

1
1 /(sec3 0 — sec ) do.
Integrate:
1
/sec3 0do = i(secﬁtanﬂ +1In|sect + tand)|),
/sec9d9 = In|secf + tan 6.

ThuS,
] SC : | SC Le |
2 ¢ 2 ¢

Return to x using
secl = 2u =2z + 1, tanf = 2v/ 22 + .

Final Answer:

(er%) \/12+zféln’2x+l+2\/x2+x)JrC'

|~
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Calculus 1 Section 5-4: More Substitution

Question 8

Evaluate the integral

/ r+2
—_—dx
J VaZ+4xr+8
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Calculus 1 Section 5-4: More Substitution

Question 8 - Solution
Complete the square in the denominator:
22t +8=(x+2)2 +4

Let
u=ux++2.

Then
du = dzx, z+2=u.

Substitute into the integral:
x4+ 2

——dx = / % g
VZ+ 4z 18 izt d
Now use a direct substitution. Let
w=u?+4, dw = 2u du.
Then

U _ 1 -1/2 5. _

Vaz+4z +84C

Substitute back:
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Calculus 1 Section 5-4: More Substitution

Question 9

Evaluate the integral

/f—de
J (@2 +2x+3)3/277
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Calculus 1 Section 5-4: More Substitution

Question 9 - Solution
Begin by completing the square in the denominator:
2422 4+3=(x+1)2+2

Let
u=ux-+1.

Then
du = dz, (2 + 2z + 3)3/2 = (u? 4 2)%/2,

Substitute into the integral:
Y g
(w2 +2)32
Now use a direct substitution. Let

w=u?+2, dw = 2u du.

Then )
u _ 1 —3/2
/(u2+2)3/2 du—2/w dw.
Integrate:
) 1 1
wid/Q dw = 5 <72’UJ71/2) = 7%
Substitute back:
1
——+ C
Va2 +2z+3
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Calculus 1 Section 5-4: More Substitution

Question 10

Evaluate the integral

61}
—dx
/\/1+62“c
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Calculus 1 Section 5-4: More Substitution

Question 10 - Solution
Begin with an exponential substitution. Let
Then
du = e” dx.
Substitute into the integral:
/ <4 / L 4
——dr = | —— du.
V1+e2® V1+u?

Inverse trigonometric step (expanded):
We recognize the integrand as the derivative of arsinh u or arctan u—type expressions. Use a trigonometric
substitution to justify the result.

Let
u = tan6.
Then
du = sec® 0 db, \/1+u2:\/1—|—tan29:se09.
Substitute:

1 sec2 0
—— du= | =T a0 = [ secods.
/m " /sece /Sec

Recall the standard integral:
/sec&d@ = 1In|secf + tan6)|.

Substitute back using
tand = wu, secl = /1 + u2.
Thus,
1
7duzln(u+ 1+u2>.
/ V1+u?

Substitute back u = e*:

1n<e$ +4/1 —1—6295) +C
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