Calculus I Section 5-1: Indefinite Integrals

Question 1

Evaluate the indefinite integral

9 o3 1 32
z%e” +—V1+Inex - —— | dz.
T 1+ a3
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Calculus I Section 5-1: Indefinite Integrals

Question 1 - Solution

We integrate term by term.

First term:

3
/Jc2eac dx.

Let u = z° , SO du = 3z2 dx:

Second term:

1
/;\/1 +Inxdx.

Let u=1+Inz, so du = %da::

/fdu—f (1+1nx)3/2.

2
/idw,
1+ 23

/1+z3 /7 n(l+27).

Third term:

Let w =14 23, so du = 322 dx:

Final Answer:

1 . 2
ge"‘z + §(1 +Inz)*? —In(1+2%) +C
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Calculus I Section 5-1: Indefinite Integrals

Question 2

Find the most general antiderivative of

/ <621’ sinz + (1_13:)2) dz.
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Calculus I Section 5-1: Indefinite Integrals

Question 2 - Solution

We evaluate each term separately.

First term:

/ e?* sin z dz.

Use integration by parts. Let

u=sinx, dv = e** dz.
Then 1
du = cosx dz, v = §€2$.
So,

2
Apply integration by parts again to the remaining integral. Let

. 1 . 1
/ezm sinx dr = 562‘"” sinz — = | €*® cosx dz.

U = Ccos T, dv = €2 dz.
Then 1
du = —sinz dzx, v = 562“”.
Thus,

1 1
/e% coszdr = 5621 cos T + 3 /e% sinz dz.
Substitute this back:

. 1 . 1 1 .
/6295 sinx dx = ieh sinx — Zezz CcosST — 1 e*® sinz dx.

Add % [ €2*sinz dx to both sides:

5 . 1 . 1
S| esinadr = 562"” sinx — 1822 Cos T.

4

Solve:

e2:v
/629: sinz dx = ?(QSinx —cosx).

Second term:

Let
u=1-z, du = —dx
Then . )
de = — 2du=u"1=
/(1—x)2 : /u e 1—2
Final Answer:
2x 1
?(QSinx—cosx)—l—m—i—C
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Calculus I Section 5-1: Indefinite Integrals

Question 3

Determine an antiderivative of
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Calculus I Section 5-1: Indefinite Integrals

Question 3 - Solution

For |z| < 1,set u=1—2?% so du= —2xdz and 2> =1 — u.

3 1 .

1
- 1—x2+§(1—x2)3/2+0.

Differentiation gives 2/v1 — 22 — 2v/1 — 22 = 23 //1 — 22.
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Calculus I Section 5-1: Indefinite Integrals

Question 4

Evaluate the integral

/(ﬁ Inz + \/15> dz.
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Calculus I Section 5-1: Indefinite Integrals

Question 4 - Solution

We first rewrite the integrand using exponents:

1
Vrlne+ — =2Y2Inz + 22
VT

For the first term, apply integration by parts with

u=Inz, dv = z'/? dx.
Then 1 5
du = —dz, v=z%72
x 3
Thus,

/xl/anajdw = §x3/2 Inz — ;/xl/Q dr = §x3/2 Inx — %x3/2.

For the second term,
/x_1/2 dx = 2212,

Combining results:

%zB/zlnx — %x3/2 +2212 1 ¢
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Calculus I Section 5-1: Indefinite Integrals

Question 5

Find an antiderivative of

1 x?
—arctanx + —— | d=z.
T 1+ 22
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Calculus I Section 5-1: Indefinite Integrals

Question 5 - Solution

1 x? arctan x x?
—arctanx + —— | de = | ————dx+ | —— dx.
z 14 22 x 1+ 22

1) The rational part

Split the integral:

Rewrite:
x? 1

1422 1 4a?

x? 1
mdﬂf: l—m dr = xr — arctan x.

arcta
2) The non-elementary part / arctai @ dx
x

So

A common attempt is integration by parts, which produces

t 1
/M dx = arctanz In |z| — / 2 |a:|2 dx,
T 1+z

and then the substitution x = tan 6 turns the remaining integral into

In|z| B
/ 1522 dx = /ln(tan ) db.

/ In(tan #) df is not an elementary antiderivative. So any step claiming

The key clarification is:

/1n(tan 0)df = O1n(tan ) — tan b + C

is incorrect (differentiate it to check).

A correct closed form uses the dilogarithm function Lis. Start from
1 . )
arctan x = 5 (In(1 + iz) — In(1 —iz)) .
i

Then

T 21

/ arctan x dr — 1 / In(1 + ix) ;ln(l — i) dr.

Use the identity

d /
— Liz(u) = ~In(1 - u) %
so, for real =z,
d ., . In(l+ix) d_. . In(l—iz)
%LIQ(—ZQT) - _fa %le(m) = _f
Therefore,
In(1+1 In(1 -1
/de:fmg(fmwc, /Mdz:—Lig(ix)+C,
x x
and hence

arctan x 1 L. . .
/T dz = % (Lu(zx) - ng(—w)) +C.
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Calculus I Section 5-1: Indefinite Integrals

Final Answer

Combine both parts:

2 1
/ 1 arctanz + — | dz = (r —arctanz) + — (Lig(ix) . Lig(—ix)) +C.
x 1+ 22 2
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Calculus I Section 5-1: Indefinite Integrals
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Calculus I Section 5-1: Indefinite Integrals

Question 6

Find the general antiderivative of

/ (:mf””2 +In(1l+ :C)) dx.
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Calculus I Section 5-1: Indefinite Integrals

Question 6 - Solution

We evaluate each term separately.

First term:

/ar;e_g”2 dx.
1 1
/:156_”2 dx = —5/6“ du = —56_”2.

/ln(l + z) d.

Let w = —22, so du = —2z dx:

Second term:

Use integration by parts with
uw=1In(1+ z), dv = dz.

Then

Thus,
dx.

1+

/1n(1+x)dx:x1n(1+x)_/

Rewrite the integrand:

Hence,

/1imdm:$—1n(1+at).

Combining results:

1 2
—5671 +zln(l+z)—z+In(l+z)+C
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Calculus I Section 5-1: Indefinite Integrals

Question 7

Find an antiderivative of

/(m_miﬁ) o
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Calculus I Section 5-1: Indefinite Integrals

Question 7 - Solution

Combine the terms into a single fraction:

V1422 1 (T +22) -1 2z B 2
T 1+2z  a/1+2z z/1+2z J1+2z

Thus the integral simplifies to

2
——dx.
/ V1422
Let
u =1+ 2x, du = 2dx.
Then

2
—= _dr= [ w3 du = 2u'?.
V1+2z /

2vV1+2x+C

Substitute back:
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Calculus I Section 5-1: Indefinite Integrals

Question 8

Find the general antiderivative of

2

/(1n(:c+ 1+:c2) + \/ﬁix?) dx.
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Calculus I Section 5-1: Indefinite Integrals

Question 8 - Solution

Split the integral:
2

/ln(x—F 1—|—x2> dx + /\/%daj
x

Part A: /ln(ac—I— 1 —|—x2> dx
Use integration by parts with

u:hl(er 1+z2), dv = dz, v =z
Let
gx)=x+ 1+ 22
Then ()
g\r / z
du = dx, gx)=14 ——.
9@ @) =1+ e
Thus 4=
'7‘ 1
du = VIt2? gy — dz.
T+ vV1+22 V1+22
Therefore,
x
1n(:v+ 1+x2) d:z::zln(z+ 1+x2)7/7dx.
/ V14 22

Let w =1+ 22, dw = 2z dz:

1
/7%11932 dmzi/w_l/gdw:\/l—i—x?.

Hence,

/1n<x+ 1+x2) dx:xln(x+\/1+x2) — 1+ 22.

2
x
Part B: / ——— dx (use an easier trigonometric substitution
V14?2 ( & )
Let
T = tané, dr = sec® 0 do, vV 1+ 22 =sech.

Then
t

2 2
/\/%dm:/ :eri:; seczﬂdﬂz/tan20 secddf.

Use tan? 6 = sec? 6 — 1:

/tan2 0 secfdf = /(sec3 0 — sech) do.

Evaluate each term directly:

/sec@dﬁ =In|secf + tan 6|,
and for f sec® 0 df, integrate by parts:
3 1
sec” 0 df = 3 (secOtan® + In|sect + tan b)) .

Thus,
1 1
/(sec39 —secf)dd = isecetanﬁ - §ln\se09 + tand|.
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Calculus I Section 5-1: Indefinite Integrals

Return to z using tanf = z, secd = /1 + z2:

x? 1 1
7dx:fx\/1+m2—fln<a:+ 1+x2).
/\/1+332 2 2

Combine Parts A and B:

1 1
xln(x+\/1+x2)—\/1+x2+§m\/1+w2—§ln(x+ 1+m2)+C’
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Calculus I Section 5-1: Indefinite Integrals
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Calculus I Section 5-1: Indefinite Integrals

Question 9

Find the general antiderivative of

arctan x
72 dl’.
T
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Calculus I Section 5-1: Indefinite Integrals

Question 9 - Solution

We use integration by parts.

Let 1
u = arctanx, dv = — dx.
Then ) 1
du = —— dx, v=——.
1+ 22 x

Applying integration by parts,

/ arctan arctan x / 1
———dx = — +
x? x (1 + 22)

Now decompose the integrand:

1 1 x

c(1+22) 2 1+a2
Thus,

1 1
—~  _dr=In|z| - > In(l +22).
/m(1+x2) v =lnfa] = 5 In{l+2a7)

Final Answer:

arctan

1
+1n\x|—§ln(1+w2)+0
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Calculus I Section 5-1: Indefinite Integrals

Question 10

Find an antiderivative of

x In(1 + 22)
[
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Calculus I Section 5-1: Indefinite Integrals

Question 10 - Solution

Use the substitution

u = In(1 4 z?).
Then 9 1
T T
d :7(;{ 7d :7(1 .
YT 2 T ™

Rewrite the integral:

2
/dezlfudu_
1+ 22

1 1
§/udu = Euz.

(In(1+ 55‘2))2 +C

(\}

Integrate:

Substitute back:

] =
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