Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 1

Let
flz)=2® - 322 =9z +5

(a) Find the intervals where f(x) is increasing or decreasing.
(b) Identify all local maxima and minima.
(c) Determine intervals of concavity and any inflection points.
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 1 - Solution

We are given
flz)=2® - 322 =9z +5

(a) First derivative

f(z) =322 =62 —9=3(x—3)(x+1)

The critical points are x = —1 and = = 3.

For © < —1, the derivative is positive. For —1 < x < 3, the derivative is negative. For = > 3, the
derivative is positive.

Therefore, the function is increasing on

[(—00, 1)U (3,00) |

and decreasing on

(-1,3) |
(b) Local extrema
At x = —1, the function changes from increasing to decreasing, so there is a local maximum.
f(=1) =10
At x = 3, the function changes from decreasing to increasing, so there is a local minimum.
f3)=-22
Local maximum at | (—1,10)
Local minimum at | (3, —22)
(c) Second derivative
" (x) =6x—6

Setting f”(x) = 0 gives z = 1.
For x < 1, the second derivative is negative, so the graph is concave down. For x > 1, the second
derivative is positive, so the graph is concave up.
The inflection point occurs at
(1) =6
Concave down on | (—o0, 1)
Concave up on | (1, 00)

Inflection point at | (1, —6)
Graph of f(z)

(3,-22)
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 2

Let
f(z) = 2* — 423

(a) Find the intervals where the graph of f is concave up and concave down.
(b) Identify any inflection points.
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 2 - Solution

We are given

First derivative

Second derivative

f(x) = 120% — 242 = 12z(x — 2)
(a) Concavity
Setting f”(x) = 0 gives the critical values

=0 and x=2.

For = < 0, the second derivative is positive, so the graph is concave up. For 0 < z < 2, the second
derivative is negative, so the graph is concave down. For x > 2, the second derivative is positive, so the
graph is concave up.

Concave up on

[ (—00,0) U (2,00)]

Concave down on

(0,2)

(b) Inflection points
Because the concavity changes at both x = 0 and x = 2, inflection points occur at these values.

FO)=0  f(2)=16-32=—16

Inflection points at

(0,0 and (2,-16)]

Graph of f(z)

20 x

—10 |

—20 L
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 3

Let
2

f(z)

(a) Determine the intervals where the graph of f is concave up and concave down.
(b) Identify all inflection points.
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 3 - Solution

We are given

x

fla) = 2 +1
First derivative
Using the quotient rule,

) = (2z) (2% + 1) — 22(27) 2 .

(22 +1)2 (22 +1)2
Second derivative
Differentiating f'(z) gives

f”(l‘) — 2(1 — 3:172) )
(7 + 1

(a) Concavity
Setting f”(x) = 0 yields
1
1-32=0=>2=+—.

V3

For |z| < %, the second derivative is positive, so the graph is concave up.

For |z| > %, the second derivative is negative, so the graph is concave down.

Concave up on

5

1 1
—00,———= | U | —=,
() ()
(b) Inflection points

Because the concavity changes at z = j:%7 inflection points occur there.
1 1
Vi) 1

(1)~ ()

Concave down on

Inflection points at

Graph of f(z)

f(x)
1 4+
0.5
__1 X /1 1
(553 )
" :1;\
-3 -2 -1 1 2 3
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 4

Let
f(z) =2® 32

(a) Determine the intervals where the graph of f is concave up and concave down.
(b) Identify all inflection points.
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 4 - Solution

We are given

f(z) =2® 32
First derivative

f'(z) =322 -3
Second derivative

f'(x) =6z
(a) Concavity
Setting f”(x) = 0 gives
xz=0.

For x < 0, the second derivative is negative, so the graph is concave down.
For = > 0, the second derivative is positive, so the graph is concave up.
Concave down on

(—OO, 0)

Concave up on
(0,00)

(b) Inflection point
Because the concavity changes at = 0, an inflection point occurs there.

f(0)=0
Inflection point at
(0,0)
Graph of f(z)
10 %
f(x)
5 4
| (Oa 0) T
-3 - -1 2 3
-5
710 .
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 5

Let
T

1) = 251
(a) Determine the intervals where the graph of f is concave up and concave down.
(b) Identify all inflection points.
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 5 - Solution

We are given

First derivative
Using the quotient rule,

/ _ —
PO =" ~wrr
Second derivative
Differentiating f(z),
won —2x(3—a?)

(a) Concavity
Setting f”(x) = 0 gives

r=—V3, x=0, z=13.

For < —+/3, the second derivative is negative, so the graph is concave down.
For —/3 < x < 0, the second derivative is positive, so the graph is concave up.
For 0 < x < /3, the second derivative is negative, so the graph is concave down.
For = > /3, the second derivative is positive, so the graph is concave up.
Concave up on

(_\/57 O) U (\/§7 OQ)

Concave down on

(—o0, —V/3) U (0,V/3)

(b) Inflection points
Because the concavity changes at each critical value, inflection points occur at all three values.

o) =0, fvE -V

[+ 2) o ()

Inflection points at

Graph of f(z)

f()
0s | (v5.9)
0,0) x
4 -3 9 i ) 2 3 4
(—f, _£> 0.5
1
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 6

Let
f(z) =2* —42® 4+ 10

(a) Determine the intervals where the graph of f is concave up and concave down.
(b) Identify all inflection points.
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 6 - Solution

We are given
f(z) =2* —42® 4+ 10

First derivative

f'(z) = 42® — 1222

Second derivative

f(x) = 120% — 242 = 12z(x — 2)

(a) Concavity
Setting f”(x) = 0 gives
r=0 and z=2.

For x < 0, the second derivative is positive, so the graph is concave up.

For 0 < = < 2, the second derivative is negative, so the graph is concave down.
For x > 2, the second derivative is positive, so the graph is concave up.
Concave up on

| (—00,0) U (2,00)]

Concave down on
(0,2)

(b) Inflection points
Because the concavity changes at both values, inflection points occur at x = 0 and x = 2.

f0) =10,  f(2)=—6

Inflection points at

] (0,10) and (2, —6) \

\m {671)

Graph of f(z)

—10 -
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 7

Let
f(z) =2® —62° + 1220 -5

(a) Determine the intervals where the graph of f is concave up and concave down.
(b) Find all inflection points.
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 7 - Solution

We are given
f(z) =2® —62° + 1220 -5

First derivative
f(x) = 32% — 122 + 12
Second derivative
' (x) =6z —12

(a) Concavity
Setting f”(x) = 0 gives
T =2.

For = < 2, the second derivative is negative, so the graph is concave down.
For x > 2, the second derivative is positive, so the graph is concave up.
Concave down on

(—OO, 2)

Concave up on
(2,00)

(b) Inflection point
Because the concavity changes at © = 2, an inflection point occurs there.

Inflection point at

Graph of f(z)

10 x
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 8

Let
2

f(z)

(a) Determine the intervals where the graph of f is concave up and concave down.
(b) Find all inflection points, if any.
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 8 - Solution

We are given

T
fla) = 2 +1
First derivative
Using the quotient rule,
) = (2z) (2% + 1) — 22(27) _ .
@2+ 172 @1
Second derivative
Differentiating f(z),
(@) 2(1 — 322)
(l‘2 + 1)3

(a) Concavity
Setting f”(x) = 0 gives

For |z| < %, the second derivative is positive, so the graph is concave up.

For |z| > %, the second derivative is negative, so the graph is concave down.
Concave up on

(55%)

1 1
S R U e
( - \/3) (\/ﬁ °°>
(b) Inflection points

Because the concavity changes at both values, inflection points occur at

Concave down on

1
r=+—.
V3
1 1
t—) ==
1(+5) =3
Inflection points at
Ay e (AL
/3'4) ™ 374
Graph of f(z)
11 f(@)
0.5 +
(_; 1 1 ;)
V31 V31
Il x\
-3 -2 -1 1 2 3
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 9

Let
f(z) =2® 32

(a) Determine the intervals where the graph of f is concave up and concave down.
(b) Find all inflection points.
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 9 - Solution

We are given

f(z) =2® 32
First derivative

f'(z) =322 -3
Second derivative

f'(x) =6z
(a) Concavity
Setting f”(x) = 0 gives
xz=0.

For x < 0, the second derivative is negative, so the graph is concave down.
For = > 0, the second derivative is positive, so the graph is concave up.
Concave down on

(—OO, 0)

Concave up on
(0,00)

(b) Inflection point
Because the concavity changes at = 0, an inflection point occurs there.

f(0)=0
Inflection point at
(0,0)
Graph of f(z)
4 Hf2)
2 4
(Oa O) | T
—3 - -1 1 2 3
—92
4 |
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 10

Let
T

1) = 251
(a) Determine the intervals where f is concave up and concave down.
(b) Find the inflection points of f, if any.
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Calculus 1 Section 4-6: The Shape of a Graph, Part 11

Question 10 - Solution

We are given

First derivative
Using the quotient rule,

/ _ —
PO =" ~wrr
Second derivative
Differentiating f(z),
won —2x(3—a?)

(a) Concavity
Setting f”(x) = 0 gives

r=—V3, x=0, z=13.

For < —+/3, the second derivative is negative, so the graph is concave down.
For —/3 < x < 0, the second derivative is positive, so the graph is concave up.
For 0 < x < /3, the second derivative is negative, so the graph is concave down.
For = > /3, the second derivative is positive, so the graph is concave up.
Concave up on

(_\/57 O) U (\/§7 OQ)

Concave down on

(—o0, —V/3) U (0,V/3)

(b) Inflection points
Because the concavity changes at all three values, inflection points occur at each one.

o) =0, fvE -V

[+ 2) o ()

Inflection points at

Graph of f(z)

0.5+
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