Calculus I Section 4-1: Rates of Change

Question 1
The position of an object moving along a straight line is given by:
s(t) = 3t> — 5t + 2t (in meters, where t is in seconds)
(a) Find the velocity function v(t).

(b) Find the instantaneous velocity at ¢ = 2 seconds.
(c) Find the average velocity between ¢t =1 and t = 2.
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Calculus 1

Section 4-1: Rates of Change

Question 1 - Solution

We are given:

s(t) = 3t3 — 5t% + 2t

(a) Velocity is the derivative of position:

v(t) = s'(t) = 9t* — 10t + 2

(b) Instantaneous velocity at ¢ = 2:

0(2) = 9(4) —10(2) +2 =36 — 20+ 2 = 18

Answer: |v(2) = 18 m/s

(c) Average velocity from t =1 to t = 2:

s(2) —s(1)
21

Compute s(2):

s(2) —s(1)

$(2) =3(8) —5(4) +2(2) =24 —20+4 =38

Compute s(1):

s(1) =3(1) = 5(1) +2(1) =3—-5+2=10

-0

8
Average velocity = —— =8

Answer:

1
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Calculus I Section 4-1: Rates of Change

Question 2

Problem:
A spherical balloon is being inflated so that its volume increases at a rate of 100 cm?/sec. How fast is

the radius increasing when the radius is 5 cm?

Inflating sphere
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Calculus I Section 4-1: Rates of Change

Question 2 - Solution

We are given the volume of a sphere:

4
V= gm“g
Differentiate both sides with respect to time t:
dV dr
Z —4nr?.
a Tt
We are told that:
dv
— =100 =5
dt .
Substitute into the equation:
dr dr dr 1
100 = 47(5)% . — =100 =1 Y2
00 7(5) o =100 007 7 = pri
Answer:
ar 1 cm/sec
dt 7w
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Calculus I Section 4-1: Rates of Change

Question 3

Problem:
Water is being poured into a cylindrical tank at a rate of 500 cm?/s. The tank has a radius of 10 cm.
How fast is the water level rising when the water is 20 cm deep?

/\Eank top

hl= 20 cm
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Calculus I Section 4-1: Rates of Change

Question 3 - Solution

The volume of a cylinder is:

V =nr?h
Given: %/2500,7“210 , h=20
We differentiate with respect to time:
dv 5 dh 5dh dh dh 500 5
— = — =500 = 7(10)*— 00=10r— = — = —— = —
g g 7 P00 =m0 g = 500 = 100m o = G = oo < o
Answer:
dn_5 cm/sec
dt  w
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Calculus I Section 4-1: Rates of Change

Question 4

Problem:
A spherical balloon is being inflated so that its volume increases at a rate of 100 cm?®/s. How fast is the

radius increasing when the radius is 5cm?

r = Siciil
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Calculus I Section 4-1: Rates of Change

Question 4 - Solution

We use the formula for the volume of a sphere:

4
V= §7T7”3
Differentiate both sides with respect to ¢:
av dr
B
at ~ Ot
Substitute: JV
— =100 =5
dt .
dr dr dr 100 1
100 = 47(5)*— = 100 = 1007 — = — = —— = —
00 7 (5) i =100 00 i = 7100~ =
Answer:
ar_1 cm/sec
dt =
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Calculus I Section 4-1: Rates of Change

Question 5

Lighthouse Problem:
A lighthouse is located at the top of a cliff that is 100 meters high. The shoreline is straight and lies in

a vertical plane. The beam of light rotates in this plane at a constant rate of

do
== 0.05 rad/s.

Let x be the distance along the shoreline from the base of the cliff to the point where the light hits the shore.
How fast is the spot of light moving along the shoreline when

100 m

€z Shoreline
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Calculus I Section 4-1: Rates of Change

Question 5 - Solution
Let:

e 0 be the angle between the light beam and the horizontal shoreline.
e 1z be the distance along the shoreline to the spot of light.

From the right triangle formed by the beam, the cliff, and the shoreline:

tan(d) = 1z = 100tan(0)

~ 100
Differentiate both sides with respect to time t:

dx de
=1 2(0) —
i 00 sec”(0) o
Substitute the given values:
™ df of T
0= T @ 0.05 rad/s, sec (Z) =2
dx
i 100(2)(0.05) = 10 m/s
Answer:
d
ditj =10 m/s
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Calculus I Section 4-1: Rates of Change

Question 6

Problem:
A pendulum of length 2 meters swings back and forth in a vertical plane. At a certain instant, the angle

6 between the pendulum and the vertical is &, and the angle is increasing at a rate of 0.4rad/s. How fast is
the pendulum bob moving horizontally at that instant?

Pivot

horizontal position =
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Calculus I Section 4-1: Rates of Change

Question 6 - Solution

Let:
e 0 be the angle between the pendulum and vertical
e 1z be the horizontal displacement of the bob from the vertical

Using trigonometry:
x = Lsin(f) = 2sin(0)

Differentiate both sides with respect to time t:

dx do
E = 2COS(9) . E
Substitute: /3
s do T 3
0=—, — =04rad —) = —
5 @ 0.4rad/s, cos<6) 5
d 3
@ _9. V3 0.4=+3-04~0.6928m/s
dt 2
Answer:
dx

= ~0.603m/s
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Calculus I Section 4-1: Rates of Change

Question 7

Problem:
A spotlight is located on the ground 10 meters from a vertical wall. A person 2 meters tall walks away

from the wall at a speed of 1.5 m/s. How fast is the length of their shadow on the wall increasing when the
person is 6 meters from the wall?

Shadow tip |«

€z Person 10—z Spot-light
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Calculus 1

Section 4-1: Rates of Change

Question 7 - Solution

Let:

o x: distance from person to wall (in m)

o s: length of the shadow on the wall (in m)

e Person’s height: 2 m

e Spotlight is 10 m from the wall

Using similar triangles (person is between wall and spotlight, so spotlight—person distance is 10 — x):

2 s Lo 20
10—z 10 10—z
Differentiate with respect to t:
% =20- % (10 —2)™") =20(10 — 2) - ‘U%
Substitute x = 6 and % =1.5:
ds 20(1.5) 30 15
dt  (10-6)2 16 8
Answer:
ds 15 . . .
prialiry m/s| (The shadow is increasing at this rate.)
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Calculus I Section 4-1: Rates of Change

Question 8

Problem:
A 10-foot ladder is leaning against a vertical wall. The bottom of the ladder is sliding away from the wall

at a rate of 2 ft/s. How fast is the top of the ladder sliding down the wall when the bottom of the ladder is
6 feet from the wall?

x(t) base slides right
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Calculus I Section 4-1: Rates of Change

Question 8 - Solution

Let:
o z(t): distance from the wall to the base of the ladder
o y(t): height of the top of the ladder on the wall
o Given: % =2ft/s, 2 =6

Using the Pythagorean theorem:

2 4+ 9% =102 = 100

Differentiate both sides with respect to time t:

dx dy dx dy
2w 4 2y~ = =y =
ot T TV T Y
We know: J
T
o Todt
Solve for y:

364+1y>=100=1y’=64=y=38

Substitute into the differentiated equation:

dy dy dy 12 3
6()+8dt 0= +8dt 0:>dt S 5
Answer:
dy 3
B
g~ o s

The negative sign indicates that the top of the ladder is sliding downward.
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Calculus I Section 4-1: Rates of Change

Question 9

Problem:

A balloon is rising vertically at a constant rate of 5ft/s, and at the same time, a car drives directly away
from the point on the ground beneath the balloon at 60 ft/s. How fast is the distance between the car and
the balloon increasing when the car is 80 feet from the balloon’s launch point and the balloon is 150 feet

high?

Balloon

150

80 ft Car
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Calculus 1

Question 9 - Solution

Let:

o z(t): distance from car to balloon launch point (horizontal) — 4 = 60

. ; dy _
e y(t): height of balloon — %% =

o z(t): distance between car and balloon (hypotenuse)

We apply the Pythagorean theorem:

22 = g2 4y

Differentiate both sides:

dz dx dy dz dx dy
2:%0 — 9,0 9y o 2 Y
T T T T TR

Plug in values:

=280, y=150= 2= /802 + 1502 = /6400 + 22500 = /28900 = 170

Now plug in:
dz dz dz 5550
170 - == =80 - 1505 =170 — =4 = == 2 32651
70 I 80-60+ 150-5= 170 7 800 + 750 = 5550 = 7 70 32.65ft/s
Answer:
dz
— = 32.651t
dt /s
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Calculus I Section 4-1: Rates of Change

Question 10

Problem:

A hot air balloon is descending vertically at a rate of 2ft/s, while a bicyclist passes directly beneath
it, traveling in a straight line at a speed of 15ft/s. How fast is the distance between the bicyclist and the
balloon changing when the bicyclist is 60 feet from the point directly below the balloon and the balloon is
100 feet above the ground?

alloon

Bicycle Launch Point
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Calculus I Section 4-1: Rates of Change

Question 10 - Solution
Let:

o x(t): horizontal distance of bicycle from point below the balloon — (fl—f =15

o y(t): vertical distance of balloon from ground — d—?t’ =2

o z(t): distance between balloon and bicycle

Using the Pythagorean Theorem:

22 = g2 4y

Differentiate both sides with respect to time ¢:

dz | dx dy dz  dz dy
T T T T T

Plug in known values:

r =60, y=100, z= /6024 1002 =+/3600 + 10000 = /13600 = 116.6

dz dz 700
== —60(1 100(—=2) = —200 = — = ——~6.01ft
Zdt 60(15) + 100(—2) = 900 00 = 700 = 7 116.6 6.011ft/s
Answer:
dz
— ~6.011t
7 6.01ft/s
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