Calculus I Section 3-12: Higher Order Derivatives

Question 1

Let:
f(z) = 2* — 423 4 622

(a) Find the first and second derivatives of f(z).
(b) Determine the intervals on which f(z) is concave up and concave down.
(c) Find all points of inflection.
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Calculus I Section 3-12: Higher Order Derivatives

Question 1 - Solution

We are given:
f(z) = 2* — 423 4 622

(a) First derivative:
fl(z) = 42® — 1222 + 122

Second derivative:
f(x) = 1222 — 242 + 12

Factor:
f(x) =12(2% = 2z + 1) = 12(z — 1)?

Answer:
fl(x) = 4a® — 1222 + 122,  f"(x) = 12(z — 1)?

(b) Analyze sign of f”(x):

Since f”(x) = 12(x — 1)? > 0 for all x, the second derivative is never negative.
f"(z) >0 for x # 1 — concave up

1”(1) = 0 — possible inflection point

But since the sign does not change around x = 1, it is not an inflection point.
Answer: Concave up: (—o0,00) Concave down: None

(c) No change in concavity at = 1, so:

Answer: ’ No points of inflection ‘
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Calculus I Section 3-12: Higher Order Derivatives

Question 2

Let f(x) = 2%e~".
(a) Compute the first four derivatives of f(z).
(b) Identify a pattern in the derivatives.

(c) Use the pattern to write a general formula for £ (z) for n > 0.
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Calculus I Section 3-12: Higher Order Derivatives

Question 2 - Solution

We are given f(z) = 22e~%. Let’s compute derivatives step-by-step.

(a) First, compute the derivatives:
First derivative:

Second derivative:

Py = g

Third derivative:

2z —2%)e %] = [2 - 2z]e ™" + (22 — 2%)(—e %) = [2 — 22 — 2z + 2%]e ™" = (2% — 4a + 2)e "

() = %[(mz —dr +2)e " = 2z —4)e " + (2% —da 4+ 2)(—e ™) = (=2 + 62 — 6)e

Fourth derivative:

f@(z) = %[(—.IQ + 62 —6)e "] = (=22 +6)e " + (—2? + 62 —6)(—e*) = (2% — 8z + 12)e ™

(b) Pattern:
Each derivative is a polynomial times e~®. The polynomials alternate in sign and follow a recursive-like
behavior:

f(z) =z%e™"

f'(@) = (22 — 2®)e™"
f"(z) = (2% — 4 +2)e®
fO(z) = (—2? + 62— 6)e™®
() = (2? — 8z + 12)e™®

(c) General formula (structure):
Let:
f(n)(x) = Py(x)e™”

Where P, (z) is a polynomial of degree 2, alternating in sign:
Py(z) = (=1)"(2® — 2nz + n(n — 1))

Final boxed result:

™ (z) = (=1)"(2? — 2nz +n(n—1))e™®
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Calculus I Section 3-12: Higher Order Derivatives

Question 3

Let f(x) = In(2? + 1).
(a) Compute the first three derivatives of f(x).
(b) Determine the value of f()(0).

(c) Based on the derivatives at = 0, write the third-degree Taylor polynomial centered at x = 0.
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Calculus I Section 3-12: Higher Order Derivatives

Question 3 - Solution

We are given:
f() = In(a? + 1)

(a) First three derivatives:
First derivative:

fl(z) = % In(z* +1) =

2x
2 +1

Second derivative:

f(x)

_d 20 2@ 41) —22(20) 2 +1-22%)  2(1-2?)
Cdr \ 22+ 1

Third derivative:
We apply the quotient rule to:

" _ 2(1 B $2)
f (x) - (332 + 1)2
Let’s compute: ,
_d (2(1—2%)
1w =g (Grrin)

Numerator derivative:

d
%[2(1 — %)) = —4z

Denominator derivative:

%[(af +1)%] = 2(2* + 1)(22) = 4a(2* + 1)

Now apply quotient rule:

(—4x) (22 +1)% = 2(1 — 2?)(42) (22 + 1)

f(S) (z) = e
Factor out 4z(x? + 1):
® (2) = —4x(x? 4+ 1) E(xx;:l?; +2(1- mz)]
Simplify:
(P4+1)+20 -2 =2 +1+2-222 =32
o 3 —4z(z?+1)(3—2?) —4x(3—2?)
) = (z2 + 1) T @B
(b) Evaluate at z = 0:
JO)=In(1) =0, fO)=0, f0)=2, fO0) =060 _,

(c) Taylor polynomial of degree 3 at z = 0:

" (3)
Ts(x) = f(0) + f'(0)x + / 2(0)x2 + / 36(0)333 =0+0+ ga:2 +0=2?
T5(z) = 22
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Calculus I Section 3-12: Higher Order Derivatives

Question 4

Let f(z) = e” cos(x).
(a) Compute the first three derivatives: f’(x), f”(z), and f©® (z).
(b) Find the value of f”(0).

(c¢) Determine the third-degree Taylor polynomial of f(x) centered at x = 0.
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Calculus I Section 3-12: Higher Order Derivatives

Question 4 - Solution

We are given:
f(z) = e cos(x)

(a) First three derivatives:
Use product rule: f(x) = u(x)v(x), where u = €*, v = cos(x)
First derivative:

f(x) =v'v+u = e” cos(x) — e” sin(z) = €”(cos(x) — sin(x))

Second derivative:

f(x) = %[693 (cos(z) — sin(x))] = e”(cos(x) — sin(z)) + €*(— sin(z) — cos(x))

= e”[(cos(x) — sin(x)) + (— sin(z) — cos(x))] = e”(—2sin(x))

Third derivative:

O () = %[e“(—Q sin(x))] = e*(—2sin(z)) 4+ e”(—2cos(z)) = —2e”(sin(z) + cos(x))

(b) Evaluate f”(0):
£7(0) = €°(~2sin(0)) =1-0=[0]

(c) Taylor polynomial of degree 3 at z = 0:

f"(0) F9(0)
(0)x + 5 2 + 5 z3

Ty(z) = f(0) + /'
Compute values:
f(0) =¢ecos(0) =1, f/(0) = e%(cos(0) —sin(0)) =1, f”(0)=0

F@(0) = —2€°(sin(0) + cos(0)) = —2(0 + 1) = —2

So:
-2 1
T3($):1+$+0+?$3:1+.’E—§$3

1
T5(x) =1+.13—§.733
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Calculus I Section 3-12: Higher Order Derivatives

Question 5

Let f(z) = sin(z?).
(a) Find f'(z), f"(x), and f&(z).
(b) Compute f”(0).

(¢) Use your results to write the second-degree Taylor polynomial of f(z) centered at x = 0.
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Calculus I Section 3-12: Higher Order Derivatives

Question 5 - Solution

We are given:

f(@) = sin(2?)

(a) First three derivatives:
First derivative:

f(z)= % sin(z?) = cos(x?) - 2z = 2z cos(x?)

Second derivative: Use product rule:

f(x) = % (2z cos(z?)) = 2cos(z?) 4 2z - (—sin(z?)) - 2z = 2 cos(z?) — 42 sin(z?)

Third derivative: Differentiate f'(x):

£ () = % (2cos(x?) — 422 sin(22))

First term: 4
d—[? cos(z?)] = —2sin(z?) - 22 = —4a sin(z?)
x

Second term (product rule):
d 2.2 2 2 2 (02 3 2
%[430 sin(x?)] = 8xsin(z?) + 4a* - cos(z?) - 2z = 8w sin(x®) + 8z cos(z”)

So:
f®(z) = —4xsin(z?) — (8z sin(z?) + 82 cos(2?)) = —12z sin(z?) — 8z cos(z?)

(b) Compute f”(0):
f"(x) = 2cos(z?) — 4a?sin(z?) = f”(0) = 2cos(0) —0 =2

(¢) Taylor Polynomial T5(z):

We use: "o
Ty(x) = £(0) + £/ + Va2
F(0) = sin(0) =0, f/(0) = 2(0)cos(0) =0, f"(0) =2
So:
To(x) =040+ %xz =22
Ty (x) = 2*
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Calculus I Section 3-12: Higher Order Derivatives

Question 6

Let f(z) = .

(a) Find the first four derivatives f'(z), f"(x), f® (z), fP (z).
(b) Find a general formula for £ (z).

(¢) Evaluate f(™(0) and write the Taylor series for f(x) centered at x = 0.
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Calculus I Section 3-12: Higher Order Derivatives

Question 6 - Solution

We are given:
1

(a) Compute derivatives:
Using the chain rule,

(b) General formula:
Each derivative introduces a factorial factor and increases the power of the denominator by 1:

n!
0=

(c) Evaluate at x = 0:

Thus the Taylor series centered at z = 0 is:

°°f(n)0n Oon
fwz7j%;x

n=0

flx) = Zx” for x| < 1
n=0
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Calculus I Section 3-12: Higher Order Derivatives

Question 7

Let f(x) = z%e®.
(a) Find the first three derivatives of f(x).
(b) Find a general expression for f(™ (z).
(c) Evaluate f)(0).
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Calculus I Section 3-12: Higher Order Derivatives

Question 7 - Solution

We are given:
f(z) = 2%e®

(a) Compute Derivatives:

We use the product rule: If u = 22

,v=2¢€" then f =wuv

f'(x) = () e” + 22(e”) = 22e” 4 z2e” = * (22 + 2?)
" d T 2 x 2 (.2
f (I):id € (2r +27)] = e"(2+ 22 + 2z + 2°) = " (z° + 4w + 2)
x
(3) _ d x/ 2 _x(.2 _x(..2
f (x)_idx[e (z°+4zx+2)]=e"(a"+424+2+22+4+0) = * (2 + 62 + 6)

(b) General Formula:
We notice a pattern in each derivative:

f (@) = € - Py(x)

where P, () is a degree-2 polynomial (since the original function had x?).
This suggests:

F™(2) = e® - (2% + 2na + n(n — 1))

(This can be proven by induction.)

(c) Evaluate f®)(0):
From (a):
FP0)=e0?+6-0+6)=1-6=[6]
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Calculus I Section 3-12: Higher Order Derivatives

Question 8
Let f(z) = 1.
(a) Find the first four derivatives of f(x).

(b) Based on the pattern, write a general formula for the n-th derivative f(™ (z).

(¢) Evaluate f(©(z).

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 3-12: Higher Order Derivatives

Question 8 - Solution

We are given:

(a) Compute derivatives:

(b) General Pattern:
Observe the signs and coefficients:

FM(z) = (=1)" - n! .z~ (FD

Answer: | f™(z) = (=1)"-n!.z~("+D

(c) Evaluate £ (z):
Use the formula:

720
~aT

Answer: | f©(z)
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Calculus I Section 3-12: Higher Order Derivatives

Question 9
Let f(z) = cos(2x).
(a) Find the first four derivatives of f(x).
(b) Find a general formula for the n-th derivative f(™ (z).

(¢) Evaluate f(*)(z).
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Calculus I Section 3-12: Higher Order Derivatives

Question 9 - Solution

Successive differentiation yields

f'=—2sin2z, f"=—4cos2z, [® =8sin2z, fW =16cos2z.

Each derivative multiplies by 2 and advances the phase by 7/2; induction therefore gives

FM(2) = 2" cos(2z + nw /2) |

Since 157/2 is congruent to 37/2 modulo 27,

%) () = 32768 cos(2z + 37/2) = 32768 sin 2 |.
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Calculus I Section 3-12: Higher Order Derivatives

Question 10

Let
f(z) = In(1 + 2?).

(a) Show that all odd-order derivatives of f(x) evaluated at x = 0 are zero.
(

b) Find a closed-form expression for the 2n-th derivative of f(z) evaluated at = 0, where n € N.

)
)
(¢) Using your result from part (b), write the Maclaurin series for f(z) in summation notation.
(d) Determine the radius of convergence of the Maclaurin series and justify your answer.

)

(e) Use the Maclaurin series to approximate In(1.1) to within an error of 10~#, and explain how you control
the error.
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Calculus I Section 3-12: Higher Order Derivatives

Question 10 - Solution

We are given

f(z) = In(1 + 2?).

(a) Odd-order derivatives at z =0
Observe that f(x) is an even function, since
f(=2) =In(1 + (—2)?) = In(1 + 2?) = f(z).
The derivative of an even function is odd, and the derivative of an odd function is even. Therefore:
o f'(x) is odd,
o f"(x) is even,
o fO)(2)is odd,
o and so on.

All odd functions evaluate to zero at x = 0. Hence,

fE+D0) =0 for all k> 0.

(b) Closed form for f")(0)

We begin with the known Taylor expansion:

In(1 = —1"+1£ 1.
n(1+u) Z( ) — lu| <

Substitute © = z2:

1+x

HMS
i
%

Comparing this with the Maclaurin series definition:
100
|
=

we see that only even powers appear. Matching coefficients of 22", we obtain:

£ (0) B (_l)nﬂl

(2n)! n’
Solving for f(2™)(0):
2n)!
(2n) 0) = (—1 n+1( )
7 (0) = (- 22
(c) Maclaurin series
Using the result above, the Maclaurin series for f(x) is:
0 2n
In(1+2?) = Z(fl)"“%, |z| < 1.
n=1
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Calculus I Section 3-12: Higher Order Derivatives

(d) Radius of convergence

The series
e 2n
Z(_l)n—H r
n=1 n

is a power series in z2.

Using the Ratio Test:
22D /(n 4 1)

i
im Ty

n—oo

’ = |z|*
The series converges when:
lz? <1 = |z|<1.

Thus, the radius of convergence is:
R=1

(e) Approximating In(1.1)

We write:
In(1.1) = In(1 4 0.1) = In(1 + 2?) with 22 = 0.1.

Using the alternating series:

In(1.1) = i(*l)”+1¥~

Since this is an alternating series with decreasing terms, the error after N terms is bounded by the

magnitude of the next term:
(0 1)N+1

Ryl <
|l < N+ 1

We test values: . .
1 1
(0.1 (0.1 = 0.000025 < 1074,

~ 0.00033 > 107%,

Thus, using the first four terms guarantees the desired accuracy.

0.12

12 013 014
In(11) ~ 0.1 — o 4 o 2
n(L1)~0 5 T3 1
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