
Calculus I Section 7-7: Types of Infinity

Question 10
Prove that

lim
x→∞

(
x

x+ 1

)x

=
1

e
.
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Calculus I Section 7-7: Types of Infinity

Question 10 - Solution
Let

L = lim
x→∞

(
x

x+ 1

)x

.

Take the natural logarithm:
lnL = lim

x→∞
x ln

(
x

x+ 1

)
.

Rewrite the logarithm:
ln

(
x

x+ 1

)
= ln

(
1

1 + 1
x

)
= − ln

(
1 +

1

x

)
.

Thus,
lnL = − lim

x→∞
x ln

(
1 +

1

x

)
.

Consider the limit
lim
x→∞

x ln

(
1 +

1

x

)
.

Rewrite it as a quotient:

lim
x→∞

ln
(
1 + 1

x

)
1
x

.

This is an indeterminate form 0
0 , so apply L’Hôpital’s Rule.

Differentiate numerator and denominator:

d

dx
ln

(
1 +

1

x

)
=

−1

x(x+ 1)
,

d

dx

(
1

x

)
= − 1

x2
.

Thus,

lim
x→∞

ln
(
1 + 1

x

)
1
x

= lim
x→∞

−1
x(x+1)

−1
x2

= lim
x→∞

x2

x(x+ 1)
= lim

x→∞

x

x+ 1
= 1.

Therefore,
lnL = −1.

Exponentiating both sides:
L = e−1 =

1

e
.

1

e
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