Calculus 1 Section 7-6: Area and Volume Formulas

Question 7

Prove that the area of a circle of radius R is
A=rmR2
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 7 - Solution

We derive the area formula using integration.

Consider a circle of radius R centered at the origin. Its equation is
22 442 = R

Solving for y gives the upper semicircle:
y =1V R?— a2

The area of the entire circle is twice the area of the upper semicircle:

R
A=2/ vV R? — 22 dx.
R

To evaluate the integral, use the substitution
= Rsinf, dx = Rcosfdb.

When x = —R, § = —F, and when z = R, 6 = 7.
Substitute into the integral:

R w/2
/ VR? — z2dx = V' R? — R2sin? 0 (R cos 0) df.
—R —m/2
Simplify:
R2(1 —sin®0) = Rcos¥.
Thus,
R w/2
/ \/Rz—x2dx=/ R?cos? 6 df.
—R —m/2
Use the identity
cos? ) — 1+ cos(29)'
2
Then
71'/2 R2 71'/2
/ R?cos?0df = — / (14 cos(26)) db.
—m/2 2 —m/2
Evaluate:
/2 /2
/ 1df =, / cos(20) df = 0.
—7/2 —7/2
So,

R 2
/ VR?—x2dr = R—w.
R 2

Finally, multiply by 2 to get the area of the full circle:

2
Az?o%ﬂszQ.

© 2026 Stem-Master.com, All rights reserved.



