Calculus I Section 5-2: Computing Indefinite Integrals

Question 5

Evaluate
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Question 5 - Solution

Step 1: Rewrite the integrand
Write 22 = (22 +1) — 1:
2

x (22 +1) -1 \/27 1
- Y I .
vz +1 vVaZ+1 2 +1

x? 1
———dx = \/m2+1dx—/7dx.
/\/x2+1 / v +1

Step 2: Trigonometric substitution

Let

Thus,

r = tané, dz = sec® 0 df.
Then

Va2 + 1= Vtan20 + 1 = secf.

Step 3: Evaluate /\/x2 + 1ldx

Substitute:

/\/x2+1d1::/se(;9(sec20d9):/sec39d9.

To evaluate [ sec® 0 df, write
sec® 6 = sec O sec? .

Let
u = sec, dv = sec? 0.db.

Then
du = secftan 0 do, v = tan.

By integration by parts,
/ sec® 0 df = secftanh — / tan d(sec § tan 0) do.

Simplify the integrand:
tan? 0 = sec? 0 — 1,

SO

/sec3 0 df = secftanb — /sec O(sec? 0 — 1) db.

Distribute:
=secHtanf — /sec39d6 + /sec@d&.

Move the repeated integral to the left:

2/sec30d9:sect9tan9+/secﬁdﬁ.

Now compute [ sec6 db:

/SeCQdQZ/SeCQ(SeC9+tan9) 40
secd + tan 6

Let
u=sech + tan¥, du = (sec @ tan 6 + sec? 0) df = sec O(sec § + tan ) df.
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Hence,
/sec@d& =In|sect + tanf| + C.

Substitute back:
2/sec3 0df = sechtanf + In |sec + tand|.

Therefore,

1
/sec39d9: 5(sec@tan9+ln|se09+tan9|) +C.

Returning to z:
secl = \x2+1, tanf = x.

Thus,

/\/x2+1dx:%(x\/:52+1+1n<x+ x2+1)> +C.

1
Step 4: Evaluate ——dx
P / Vat+1

1 _ 1 9 _
/mda:—/seco(sec Hde)—/secedﬁ.

/SeCQdQ:ln|sece+tan9|+C:1n(m+ x2+1) +C.

Substitute again:

From above,

Step 5: Combine results

<z\/x2+1+ln(1’+ x2+1)>—ln(:g+ x2+1)+C’.

|~

22
/ ———dxr =
vz +1
Combine logarithms:

1
:g\/x2+1—§ln(x+ x2+1>—|—C’.

Final Answer:

2 1
/ x dng\/ﬂ—l—l—iln(x—i— x2+1)+C

2 +1
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