
Calculus I Section 4-8: Optimization

Question 8
A cylinder is inscribed in a sphere of radius R. Find the maximum possible volume of such a cylinder and
determine its dimensions.
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Calculus I Section 4-8: Optimization

Question 8 - Solution
Let the height of the cylinder be h and its radius be r. From the diagram, the diagonal of the right triangle
gives the constraint:

r2 +

(
h

2

)2

= R2 ⇒ h = 2
√
R2 − r2

Step 1: Volume Function
V = πr2h = πr2 · 2

√
R2 − r2 = 2πr2

√
R2 − r2

Step 2: Maximize V (r)

Let:
V (r) = 2πr2(R2 − r2)1/2

Differentiate using the product and chain rule:

V ′(r) = 2π

[
2r(R2 − r2)1/2 − r3

(R2 − r2)1/2

]
=

2π

(R2 − r2)1/2
(
2r(R2 − r2)− r3

)
Set V ′(r) = 0:

2r(R2 − r2)− r3 = 0 ⇒ r(2R2 − 3r2) = 0 ⇒ r = 0 or r2 =
2R2

3

Step 3: Dimensions
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√
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√
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3
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2R√
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Step 4: Max Volume

V = πr2h = π ·
(
2R2

3

)
· 2R√

3
=

4πR3
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Radius: r =

√
2

3
R

Height: h =
2R√
3

Max Volume: V =
4πR3
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