
Calculus I Section 2-10: The Definition of the Limit

Question 8
Let

f(x) = x2

Use the ε-δ definition of a limit to prove that:

lim
x→3

f(x) = 9
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Calculus I Section 2-10: The Definition of the Limit

Question 8 - Solution
We are given:

f(x) = x2, lim
x→3

x2 = 9

We want to prove that:

∀ε > 0, ∃δ > 0 such that 0 < |x− 3| < δ ⇒ |x2 − 9| < ε

Step 1: Manipulate the expression.

|x2 − 9| = |x− 3||x+ 3|

We want to bound this expression. Assume |x− 3| < 1. Then:

2 < x < 4 ⇒ 5 < x+ 3 < 7 ⇒ |x+ 3| < 7

So:
|x2 − 9| = |x− 3||x+ 3| < |x− 3| · 7

We want:
|x− 3| · 7 < ε ⇒ |x− 3| < ε

7

Step 2: Choose δ.
Let:

δ = min
(
1,

ε

7

)
Step 3: Verify.
If 0 < |x− 3| < δ, then:

|x2 − 9| = |x− 3||x+ 3| < δ · 7 ≤ ε

7
· 7 = ε

Conclusion: By the ε-δ definition of the limit:

lim
x→3

x2 = 9
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