Calculus 1 Section 1-2: Inverse Functions

Question 8

rz+3

Let f(x) = =,

where x # 1.

(a) Show that f is a one-to-one function.

(b) Find the inverse function f~!(x).

(c) State the domain and range of both f(z) and f~!(z).
(d) Verify that f(f~1(z)) = z.
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Calculus 1 Section 1-2: Inverse Functions

Question 8 - Solution

(a) Show that f is one-to-one:

Let f(x1) = f(z2):

1‘1+3_$2+3
(El—]._fEQ—].

= (.131 + 3)($2 — 1) = (1‘2 +3)(l‘1 — 1)
Expanding both sides:

129 — 1+ 329 —3 =122 — 2+ 321 — 3

Subtract z1zo and —3 from both sides:

—x1 + 329 = —x9+ 321 = 30+ 29 =311 + 21 = 4dao =41 = 1 = X9

Therefore, f is one-to-one.

(b) Find the inverse:

3
Lety=x+
z—1
Multiply both sides:
y+3
y(m—l)::E+3éym—y:er?)éym—x:ynt?):&x(y—l):y+3éx:y_l

Switch z and y:

) =21
So:

_ z+3

) =2

Interestingly, f~*(z) = f(z). The function is its own inverse.

(c) Domain and Range:

3
From f(z) = %, we see that: - Domain: z # 1 = ’ (=00, 1)U (1,00) ‘ -Asx — oo, f(x) = 1, and

f(z) # 1 - So range: ‘ (=00, 1)U (1,00) ‘

The same applies to f~(x), so: - Domain of f~1(z) : (—oo, 1)U(1, 00) - Range of f~1(z) : (=00, 1)U(1, 00)

(d) Verify:
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ot 3> (Lﬁ) +3 z+34+3(z—1) z+3+3z—3 4z

Verified: f(f!(z)) =2z
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