Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 1
Assume lim,_,, f(z) = L and lim,_,, g(z) = M. Prove that

lim (f(z)g(x)) = LM.

T—ra
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 1 - Solution

Let € > 0 be given.
We must show there exists 6 > 0 such that if 0 < |z — a| < ¢, then

[f(x)g(z) = LM| <e.
Start by adding and subtracting Lg(z):

f(@)g(z) = LM = f(z)g(x) — Lg(x) + Lg(x) — LM = g(z)(f(z) — L) + L(g(z) — M).
Take absolute values and use the triangle inequality:

|f(x)g(x) = LM| < [g(x)[ | f () — L] + [L]||g(z) — M].
To control |g(x)], use the fact that g(z) — M.
Since lim, ., g(z) = M, there exists d; > 0 such that if 0 < |x — a| < 41, then

lg(x) — M| < 1.
Then, for 0 < |z — a| < 01,

lg(@)| = lg(x) = M + M| < |g(x) — M|+ [M] <1+ [M].
Now choose d2 > 0 such that if 0 < |z — a| < g, then

3

|f(z) — L] < m

This is possible because lim,_,, f(z) = L.
Next choose d3 > 0 such that if 0 < |z — a| < d3, then

€
M < —
This is possible because lim,_,, g(xz) = M.
Let

6= min(él, (52, (53)
Then whenever 0 < |z — a| < J, we have simultaneously:

g g
lg(z) — M| < 5

lg(@)] <1+[M]|, |f(z) - LI <3 ST

(L+ M)’
Substitute into the estimate:

|f(z)g(x) — LM| < |g(x)||f(z) — L| + |L||g(z) — M].
For the first term:

3 £
lg()||f(z) — L] < (14 |M])- ST = 5
For the second term:
e|L| €
L M < —= <.
Ello(e) = M| € 57 < 5

Therefore,
€

216.

F@)g(@) - LM| < < +

Since € > 0 was arbitrary, it follows that

lim (f(z)g(x)) = LM.

T—ra
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 2
Assume that lim,_,, f(z) = L and that c is a constant. Prove that

lim (cf(z)) = cL.

T—ra
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 2 - Solution
Let € > 0 be given. We must show that there exists § > 0 such that if
0<|z—al <é,
then
lef(z) — cL| < e.
Start by factoring out the constant:
lef(x) = cL| = |¢] - |f(z) — LI.
Since lim,_,, f(2z) = L, there exists 6 > 0 such that whenever
0<|x—al <o,

we have
€

[f(x) = L <

el

provided ¢ # 0.
Substitute this into the inequality:
€

lc]

=E.

lef(z) —cL| = || - [f(x) = L] < |¢] -

Thus, whenever 0 < |z — a| < §, we have
lef(z) —cL| < e.

Therefore,
lim (cf(z)) = cL.

r—a

If ¢ =0, then ¢f(x) = 0 for all z, and the result holds trivially.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 3

Assume that lim,_,, f(z) = L. Prove that

lim [£(2)| = |L.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 3 - Solution
Let € > 0 be given. We must show that there exists § > 0 such that if
0<|z—al <o,

then
|1f ()| = L] <e.

Recall the inequality
[luf = Jo]] < Ju—v|

for all real numbers u and v.
Apply this inequality with v = f(x) and v = L:

|[f (@) = |[LI| < [f(x) = L.
Since lim,_,, f(z) = L, there exists 6 > 0 such that whenever
0<|z—al<d,

we have
|f(z)—L| <e.

Combining the inequalities gives
1F (@) = |L|] < |f(x) - L| < e.

Thus, whenever 0 < |z —a| < 4,
|1 ()] = Ll| <e.

Therefore,
lim |f(z)| = |L].
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 4
Assume that lim,_,, f(z) = L and lim,_,, g(z) = M, with M # 0. Prove that

flz) _ L

oo g(w) M
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 4 - Solution

Let € > 0. Since g(x) — M # 0, choose 01 > 0 such that |g(x) — M| < |M|/2 when 0 < |z — a|] < §;. Then
lg(x)| > [M]/2.
By the two assumed limits, choose d2,d3 > 0 to ensure respectively

fa) - 21 <

Take § = min(51,52,53). For 0 < |l’ — CL| <9,

flx) ’ |f(ﬂ?)—L|+|L| lg(z) — M|

glx) M|~ |g(x)] |M]]g(z)|

21f(@) ~ 1] 2ILIlgta) ~ M|
|M| |M|?

€ e|L|

2 P ey ©F

(The first term makes the penultimate inequality strict even if L = 0.) This proves lim f(z)/g(z) = L/M.
r—a

e|M?

lg(z) — M| < m
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 5
Assume that lim,_,, f(z) = L. Prove that

lim (f(z) +¢) =L+e,

T—ra

where ¢ is a constant.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 5 - Solution
Let € > 0 be given. We must show that there exists § > 0 such that whenever
0<|z—al <o,

we have
I(f(z)+¢) = (L+c)| <e.

Simplify the expression inside the absolute value:
(F@)+¢) — (L+0)| = | f(z) — LI
Since lim, 4 f(2z) = L, by definition of the limit there exists § > 0 such that whenever
0<|x—al <o,

we have
f(@) - L] <e.

Therefore, for the same 4,
[(f(z) +¢)— (L+0)| <e.

This proves that
lim (f(z) +¢) =L +ec.

T—ra
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 6
Assume that lim,_,, f(z) = L. Prove that

lim (f(z) —¢) =L —¢,

T—ra

where ¢ is a constant.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 6 - Solution
Let € > 0 be given. We must show that there exists § > 0 such that if
0<|z—al <o,

then
I(f(@) —¢c) = (L =) <e.
Simplify the expression:
[(f(x) —¢) = (L= )| = | f(x) — L.
Since lim,_,, f(x) = L, by the definition of the limit there exists § > 0 such that whenever
0<|x—al <o,
we have
f@)— L] < =.

Thus, for this same choice of 4,

|(f(z)—c)— (L—c)| <e.

Therefore,
lim (f(z) —¢) =L —c.

T—ra
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Calculus 1

Section 7-1: Proof of Various Limit Properties

Question 7

Assume that

and that

Prove that

lim f(z) =L and lim g(x) = M,

r—a T—a

f(x) <g(x) for all x near a.

L <M.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 7 - Solution

We argue by contradiction.

Suppose, to the contrary, that

Then the positive number

satisfies € > 0.
Since lim,_,, f(x) = L, there exists §; > 0 such that whenever
0< |z —al<d,
we have
|f(z)—L| <e.

This implies
L+ M

flz) >L—e= 5

Similarly, since lim,_,, g(x) = M, there exists do > 0 such that whenever
0< |£L’ — a| < 62,
we have
l9(x) — M]| <=

This implies
L+ M

glz) <M +e=—

Let
6= min(él, 52)

Then for all x satisfying 0 < |z — a| < J, we have

L+M L+M
f(z) > 5 and g¢(z) < 5

Thus,
f(x) > g(x),

which contradicts the assumption that f(z) < g(z) near a.

Therefore, our assumption that L > M must be false, and we conclude that

L <M.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 8

Assume that
lim f(zr)=L and f(z)>0 forall z near a.

r—a

Prove that
L>0.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 8 - Solution

We prove this by contradiction.

Assume, to the contrary, that

L<0
Then the positive number
—L
Ty

satisfies € > 0.

Since lim,_,, f(x) = L, there exists 6 > 0 such that whenever
0<|z—al <9,
we have
|f(z) = L| <e.
This inequality implies
L
2

—L

Because L < 0, we have
L
— < 0.
5 <
Thus, for all  with 0 < |z —a| < 4,

f(z) <0.

This contradicts the assumption that f(z) > 0 for all z near a.

Therefore, our assumption that L < 0 must be false. We conclude that

L>0.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 9

Assume that
lim f(z) =L and lim g(z) = L.
Tr—ra Tr—ra

Prove that
lim (f(z) — g(x)) = 0.

r—a
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 9 - Solution
Let € > 0 be given. We must show that there exists § > 0 such that whenever
0<|z—al <o,

we have

[f(z) = g(z)] <e.

Begin by rewriting the difference:

Take absolute values and apply the triangle inequality:
|f(x) —g(2)| < [f(x) = L] + [g(z) — LI.
Since lim,_,, f(z) = L, there exists d; > 0 such that
|f(x)—L| < g whenever 0 < |z — a| < ;.
Similarly, since lim,_,, g(z) = L, there exists d > 0 such that
lg(z) — L| < % whenever 0 < |z — a| < d2.

Let
6= min(éh 62)

Then for all x satisfying 0 < |z — a|] < 9,

€

B E.

|f(x) —g(@)| < |f(@) = L] +[g(z) — L| < % +

Therefore,

lim (f(z) — g(x)) = 0.

Tr—a
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 10

Assume that
lim f(z) =L and lim f(z) =M.
r—a r—a
Prove that
L =M.
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Calculus 1 Section 7-1: Proof of Various Limit Properties

Question 10 - Solution

We prove this by contradiction.

Assume, to the contrary, that
L+ M.

Then the positive number
_ L= M]

c 2

satisfies € > 0.
Since lim, . f(z) = L, there exists d; > 0 such that whenever
0< |z —al <o,

we have
@) - Ll <e.

Similarly, since lim,_,, f(x) = M, there exists d > 0 such that whenever
0<|z—al <d,

we have

[f(z) = M| <e.

Let
0= min(él, 52)

Then for all « such that 0 < |x — a| < 4, both inequalities hold.
Using the triangle inequality,
|L=M[=I|L— f(z)+ f(x) = M| < |f(z) = L[ + [f(2) = M]|.

Substitute the bounds:
IL-M|<e+e=2=|L—- M|

This is a contradiction.

Therefore, our assumption that L # M is false. We conclude that

L=M.
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 1

Assume that f and g are differentiable at © = a. Prove that

(f +9)'(a) = f(a) + ¢'(a).
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 1 - Solution
By definition of the derivative,

Expand the numerator:

(f +9)(a+h) = (f+9)(a) = (fla+h) +gla+h) = (f(a) + g(a)).
Group terms:
= (fla+h) = f(a)) + (9(a +h) — g(a)).
Substitute back into the limit:

(F+9)(a) = lim f(a+h}i—f(a) +g(a+h]i—g(a)

Use the limit law for sums:

flath) = f@

gla+h) —g(a)
h h—0 ’

(f +9)'(a) = Jim

Since f and g are differentiable at a, both limits exist and equal f’(a) and ¢'(a), respectively.
Therefore,

(f+9)(a) = f'(a) + ¢'(a).
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 2

Assume that f is differentiable at x = a and that ¢ is a constant. Prove that

(cf) (a) = c f'(a).

© 2026 Stem-Master.com, All rights reserved.



Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 2 - Solution

By definition of the derivative,
oy oy Cflath) —cf(a)
(¢f)(a) = lim 3 .

h—0

Factor out the constant ¢ from the numerator:

() (@) = tim F@TN = /(@)

h—0 h

Rewrite the fraction:
(cf)(a) = ¢ tim L2 M = f(@)

h—0 h

Since f is differentiable at a, the limit exists and equals f’(a). Therefore,

(cf)(a) = c f'(a).
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 3

Assume that f and g are differentiable at z = a. Prove the product rule:

(f9)'(a) = f'(a)g(a) + f(a)g'(a).
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 3 - Solution

By definition of the derivative,

Add and subtract f(a + h)g(a) in the numerator:

i Jat Wgla 1) — fa+ Rg(a) + o + Wgla) ~ f()g(a)
h—0 h '

Group the terms:

o [ mea s ) - o) | g@(fat ) - )
C hs0 h h '

Separate the limit:

i o) iy SO0 S0 1(0)
Since f is differentiable at a, it is continuous at a, so
lim f(a+ 1) = f(a).
Also, by differentiability,
i ST =00 _ iy ORI =S0) _p

Substitute these limits:

Thus,
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 4

Assume that f and g are differentiable at £ = a and that g(a) # 0. Prove the quotient rule:

<Jg‘>' (@) f(a)g(a) — fla)g'(a)

© 2026 Stem-Master.com, All rights reserved.



Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 4 - Solution

By definition of the derivative,

£\ . glat+h)  g(a)

_— f— 1 .
( (a) = lim 3
Combine the fractions in the numerator:

iy FlatR)g(a) — fla)g(a+h)
h—0 hg(a + h)g(a) .

Rewrite the numerator by adding and subtracting f(a)g(a):

fla+h)g(a) - fla)g(a+ h) = g(a)(f(a+h) — f(a)) — f(a)(g(a+h) — g(a)).

Substitute this expression:

i 9@ (flath) = f(a) = fla)(gla+ k) — g(a))
h—0 hg(a+ h)g(a) ’

Separate the fraction:

) P I {CES 5 IR Oy (RUEYE)
h—0 | g(a + h)g(a) h gla+ h)g(a) h '

Simplify coefficients:

Jimy L;(Hh) h J@gla+h) h

1 fla+h)— f(a) f(a) g(a+h)—g(a)}

Since g is differentiable at a, it is continuous at a, so

lim g(a + h) = g(a).

h—0

Taking limits term by term,

Combine the terms:
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 4

Assume that f is differentiable at x = a. Prove that f is continuous at = = a.
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 4 - Solution

To show that f is continuous at x = a, we must prove that

lim f(x) = f(a).

T—a

Since f is differentiable at a, by definition,

_fla+h)— f(a)
() —
fia) = fim h '
Because this limit exists, the expression
fla+h) - f(a)
h

remains bounded and approaches a finite value as h — 0.

Rewrite f(a+ h) — f(a) as
ﬂa+m—ﬂ®=(ﬂa+2_ﬂ®>h

Now take limits as h — 0:

lim (f(a+h) = f(a)) = (lim W) (;1136 h) .

— h—0
nee fla+h) - f(@)
. a+h)—fla) . o
}lzlgb A = f'(a) and %E)I%)h—O,
we obtain
Jim (f(a+ h) ~ (@) = 0.
Therefore,

lim f(a+h) = (o).

This shows that
lim f(x) = f(a),

r—a

so f is continuous at x = a.
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 6
Assume that f is differentiable at = a and that f/(a) = 0. Prove that

i {@) = 1@)

T—a T —a

=0.
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 6 - Solution

By the definition of the derivative,

fa = i T
We are given that
f(a)=0
Thus,
o f@ = @)
z—a T —a

To make this explicit using e-§ language, let € > 0 be given.
Since the limit defining f’(a) exists and equals 0, there exists 6 > 0 such that whenever

0<|x—al <o,

we have
ety .
T —a
That is,
OB TP
T—a

This proves that
o S = S@)
T—a T —a
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 7

Prove that the derivative of a constant function is zero. That is, if

for all x, where c is a constant, then

for every real number a.
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 7 - Solution

By definition of the derivative,

Since f(z) = c for all x, we have
fla+h)=c and f(a)=c.

Substitute into the difference quotient:

i c—c
fla) = Jim =
Simplify the numerator:
0
4 —
f (U,) o h—0 h’
Since % = 0 for all h # 0, the limit is
f'(a) =0.

Therefore, the derivative of a constant function is zero:

f(a)=0]
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 8

Prove from first principles that if

then
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 8 - Solution

By definition of the derivative,

Substitute f(z) = 2%
a+h)?—a®
7o) = fim 55

Expand the square:
(a+ h)? = a® 4 2ah + h2.

Substitute back:
a?® + 2ah + h? — a?

/ T
fla) = Jim h
Simplify the numerator:
2ah + h?
! _ .
fia) = Jim —=—
Factor out h: W .
N s a+
fla) = Jim == —

Cancel h (for h # 0):
f'(a) = lim (2a + h).

h—0
Now take the limit:
f'(a) = 2a.
Thus, using first principles,
f'(a) =2a
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 9

Prove from first principles that if

then
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 9 - Solution

By definition of the derivative,

Substitute f(z) = 2
a+h)?®—ad
7o) = fim 55

Expand the cube:
(a+h)® = a®+ 3a*h + 3ah® + h>.

Substitute into the difference quotient:

a® 4+ 3a’h + 3ah® + K3 —a?

h—0 h
Simplify the numerator:
3ah + 3ah? + k3
fa) =1 .
—0 h
Factor out h: h ) , h2)
3a® + 3ah +
!
fi(a) = Jim, h ‘

Cancel h (for h # 0):
f'(a) = }llim (3a% + 3ah + h?).

—0

Now take the limit:
f'(a) = 3a>.

Thus, using first principles,
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 10

Assume that f is differentiable at = a and that g is differentiable at = f(a). Prove the Chain Rule:

(g0 f)(a) =g (f(a)) f'(a).
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Calculus 1 Section 7-2: Proof of Various Derivative Properties

Question 10 - Solution
Put b = f(a). Differentiability of g at b means

9(b+u) = g(b) = g'(b)u + un(u),

where n(u) — 0 as v — 0; define 7(0) = 0 so this identity also holds at u = 0.
For h # 0, set u= f(a+ h) — f(a). Then

Differentiability implies continuity of f at a, so the first factor tends to ¢’(b) and the second to f'(a).

(g0 1) (@) = ¢'(f(a)['(a). ]

This argument remains valid when f(a + h) = f(a) for some or all nearby h.
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Calculus I Section 7-3: Proof of Trig Limits

Question 1

Prove that )
sinx

lim
x—0 X
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Calculus I Section 7-3: Proof of Trig Limits

Question 1 - Solution

We prove this limit using geometric inequalities.

Consider a unit circle centered at the origin.
Let 0 < & < m/2 be measured in radians, and consider the angle x.

The area of the sector with angle z is

1
Area of sector = ix

The area of the triangle formed by the radius and the angle x is

1
Area of triangle = 3 sin .

The area of the triangle formed by the tangent line is

1
Area of outer triangle = 3 tan x.

Thus, the areas satisfy

< <
1n ‘ nar.
S. x X anTr

Multiply through by 2:
sine < x < tanz.
Divide all parts by sinz (which is positive for 0 < x < 7/2):

1
1< 2 <

sinx  cosz

Taking reciprocals reverses the inequalities:

sinx
cosr < — < 1.
T

Now take the limit as z — 07.
Since

lim cosz =1,

z—0
the Squeeze Theorem gives
. sinx
lim =1.
z—0t T

A similar argument applies for £ — 07, so the two-sided limit exists.

. sinx
lim =1
rx—0 X
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Calculus I Section 7-3: Proof of Trig Limits

Question 2

Prove that
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Calculus I Section 7-3: Proof of Trig Limits

Question 2 - Solution

We begin by rewriting the expression using a trigonometric identity.
Recall the identity
x
1—cosz = 281n2(§) .

Substitute this into the limit:

1—coszx QSing(%)
x x '

Rewrite the fraction:

Now rewrite the second factor:

Thus,

Now take limits of each factor as x — 0.

Since lim sinu = 0, we have
u—0

Also, using the fundamental trig limit

lim =1,
u—0 U
we obtain
sin(Z
lim 52) =1
z—0 5
Therefore, by the product law for limits,
1 _ 3
lim =% —(.1=0
z—0 €T
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Calculus I Section 7-3: Proof of Trig Limits

Question 3

Prove that
sin(3x)
m-——- =

x—0 xT
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Calculus I Section 7-3: Proof of Trig Limits

Question 3 - Solution

We begin by rewriting the expression so that the fundamental trigonometric limit appears.

Write
sin(3xz)  sin(3z) 3

T 3x

Now take limits as x — 0.

Since 3z — 0 as x — 0, the fundamental trigonometric limit gives

Jim S0 _
x—0 3z
Therefore,
lim $37) _ <lim bm(gz)) 3=1-3=3.
z—0 €T x—0 3
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Calculus I Section 7-3: Proof of Trig Limits

Question 4

Prove that
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Calculus I Section 7-3: Proof of Trig Limits

Question 4 - Solution

We rewrite the expression in terms of sine and cosine.

Recall that

Substitute this into the limit:

tanx sinx _ sinx 1
xr  TcosT x cosz )
Now take limits of each factor as x — 0.

From the fundamental trigonometric limit,

Also, since cosine is continuous at 0,

z—0
and therefore 1
lim =1.
z—0 COS T
By the product law for limits,

t

lim 2% _q.1=1

x—0 x
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Calculus I Section 7-3: Proof of Trig Limits

Question 5

Prove that
. 1—cos(2x)
lim ———~2

=2.
z—0 2
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Calculus I Section 7-3: Proof of Trig Limits

Question 5 - Solution

We begin by using a trigonometric identity.

Recall that
1 — cos(2z) = 2sin® z.

Substitute this into the expression:

1 —cos(2z) 2sin’z
= —.

x2 T
. . 2
2sin’ z 9 sinx
2 T

Using the fundamental trigonometric limit,

Rewrite the fraction:

Now take limits as x — 0.

sinx

lim =1.
x—0 X
Therefore,
. 2
lim (Smm) —12=1.
x—0 x
Multiply by 2:
1-— 2
tim L) g gy
z—0 x
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Calculus I Section 7-3: Proof of Trig Limits

Question 6

Prove that .
sinx —x
lim ——— =0.
x—0 €
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Calculus I Section 7-3: Proof of Trig Limits

Question 6 - Solution

We begin by factoring the expression.

Rewrite the fraction as ) )
sihnz —z sinz

= —1.
T x
Now take the limit as z — 0.
Using the fundamental trigonometric limit,
lim 22 .
z—0 X
Therefore,
lim (Slm—1) —1-1=0.
x—0 x
Hence,
lim 2P
z—0 x
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Calculus I Section 7-3: Proof of Trig Limits

Question 7

Prove that

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 7-3: Proof of Trig Limits

Question 7 - Solution

Rewrite the expression using the identity

Substitute into the fraction: ) ]

sinx sin x
= ——— = COoSZx,
tanx Sinx

COS T

for all z where tanz is defined and sinx # 0.
Now take the limit as z — 0.

Since cosine is continuous at 0,

lim cosz = cos0 = 1.
z—0

Therefore,
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Calculus I Section 7-3: Proof of Trig Limits

Question 8

Prove that
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Calculus I Section 7-3: Proof of Trig Limits

Question 8 - Solution

We begin by rewriting the expression using a trigonometric identity.

Recall that

cosz —1=—(1—cosx).
Thus,
cosr — 1 - 1—cosx
x a x

From a previously established trigonometric limit,

. 1—cosx
lim ——— =
x—0 x€X
Therefore,
coszr — 1 . 1—cosxz
im = — lim =—-0=0
x—0 €T x—0 x
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Calculus I Section 7-3: Proof of Trig Limits

Question 9

Prove that
sin(2x)
m-———~ =

z—0 tanx
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Calculus I Section 7-3: Proof of Trig Limits

Question 9 - Solution

We begin by rewriting the expression using trigonometric identities.

Recall that

sin
tanx =
CcoS X
Substitute this into the fraction:
sin(2x) . cos T
= sin(2z)
tanx sinx

Next, use the identity
sin(2x) = 2sinz cos x.

Substitute: o
sin(2z) = (2sinz cos ) - Sk
tanx sinx
Cancel sinz (for = # 0):
in(2
sin(2z) = 2cos? z.
tanx

Now take the limit as z — 0.

Since cosine is continuous,

lim cosx = cos0 = 1.
x—0

Therefore,
lim 2cos? z = 2(1)? = 2.

z—0
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Calculus I Section 7-3: Proof of Trig Limits

Question 10

Prove that
. tanz —x
lim —— = 0.
x—0 €T
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Calculus I Section 7-3: Proof of Trig Limits

Question 10 - Solution

We begin by rewriting the expression to isolate a known limit.

Factor out x from the numerator:
tanx — x _ tanx 1
T Tz '

Now rewrite tan x in terms of sine and cosine:
tanx sinx sinx 1
x 2 COST x cosz )

Take limits of each factor as x — 0.

Using the fundamental trigonometric limit,

Since cosine is continuous at 0,

1
lim cosz =cos0 =1, so lim =1
z—0 z—0 COS T
Thus,
t
lim " =1,
x—0 x€X
Finally,
lim (tanx—1> —1-1=0
z—0 €T
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 1

Assume that f has a local maximum at = = a and that f is differentiable at x = a. Prove that

f'(a) = 0.
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 1 - Solution
Since f has a local maximum at x = a, there exists § > 0 such that

f(z) < f(a) for all z with |x —a| < §.

Consider the difference quotient
fla+h)— f(a)
h
for small values of h.

Case 1: h >0
If 0 < h < 6, then a + h lies within the interval where f(a) is a local maximum. Hence,

fla+h) = f(a) <0.
Since h > 0, dividing by h preserves the inequality:

fla+h) - f(a)

<0.
h =

Case 2: h <0
If —0 < h < 0, then again a + h lies within the interval of the local maximum, so

fla+h)—=f(a) 0.
Since h < 0, dividing by h reverses the inequality:

fla+h) —f@) _
s

Step 3: Take the limit

For h > 0, the difference quotient is less than or equal to 0. For h < 0, the difference quotient is greater
than or equal to 0.

Since f is differentiable at a, the limit

f’(a) — lim f(a+ h’) — f(a)

h—0 h

exists and must be the same from both sides.
The only number that is both < 0 and > 0 is 0.
Therefore,
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 2

Assume that f is continuous on [a, b, differentiable on (a,b), and

fla) = f(b)
Prove that there exists a number ¢ € (a,b) such that
f'(e)y=0.
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 2 - Solution

Since f is continuous on the closed interval [a,b], the Extreme Value Theorem guarantees that f attains
both a maximum and a minimum on |[a, b].
Let

M= — mi .
xlél[%]f(x), m m?[ﬁ]f(x)

If M = m, then f is constant on [a, b], and hence
f'(z)=0 forall z € (a,b).
In particular, there exists ¢ € (a,b) such that f/'(c) = 0.
Now assume that M # m. Since f(a) = f(b), the maximum or minimum cannot occur at both endpoints.

Thus, at least one of the extreme values M or m must occur at some point ¢ € (a,b).

At such a point ¢, the function f has either a local maximum or a local minimum. Because [ is
differentiable at ¢, the derivative must vanish there.

Therefore,

f(c)=0.

There exists ¢ € (a,b) such that f'(c) =0 ‘
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 3
Assume that f is continuous on [a, b] and differentiable on (a,b). Prove that there exists a number ¢ € (a, b)

such that )
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 3 - Solution

o) = 1) - (101D (o -,

The function g is continuous on [a, b] and differentiable on (a,b) because it is formed from functions with
these properties.

Define a new function

Evaluate g at the endpoints:

Thus,

g'(c) =0
Differentiate g(x):
g(@) = ') - D=
Substitute x = ¢
0=4/(0) = f'te) - LU=
Solve for f'(c):
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 4
Assume that f is differentiable on an interval (a,b) and that
f(x) >0 forall z € (a,b).

Prove that f is increasing on (a, b).
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 4 - Solution

To show that f is increasing on (a,b), we must prove that for any x1,x9 € (a,b) with 1 < z2, we have
f(z1) < f(z2).

Let x1,22 € (a,b) with 1 < xa. Since f is differentiable on (a,b), it is continuous on [z1,z3] and
differentiable on (x1,x3).

By the Mean Value Theorem, there exists a number ¢ € (z1,z2) such that

f(c) = flx2) — f(fﬂl)'

T2 — X1

By assumption, f’(c¢) > 0, and since x5 — 1 > 0, it follows that

fw2) = fl21)

To — I

> 0.

Multiply both sides by x5 — x1:
fz2) = f(21) > 0.

Thus,
f(x2) > f(z1).

Since this holds for all 21 < x5 in (a,b), the function f is increasing on (a, b).

‘ f is increasing on (a, b) ‘
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 5
Assume that f is differentiable on an interval (a,b) and that
f(x) <0 forall z € (a,b).

Prove that f is decreasing on (a,b).
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 5 - Solution

To prove that f is decreasing on (a, b), we must show that for any x1,x2 € (a,b) with 21 < x4, the inequality

f(w1) > f(x2)
holds.

Let 21,22 € (a,b) with 21 < x2. Because f is differentiable on (a,b), it is continuous on [r1, 2] and
differentiable on (z1,x3).

By the Mean Value Theorem, there exists a number ¢ € (z1,x2) such that

f/(c) _ flxa) — f(xl).

To — X1

By assumption, f’(c) < 0, and since x2 — 1 > 0, it follows that

f(x2) — f(21)

T2 — 1

< 0.

Multiply both sides by x5 — x1:
fx2) = f(a1) <.

Thus,
fla2) < flz1).

Since this holds for all ;1 < z2 in (a,b), the function f is decreasing on (a, b).

’ f is decreasing on (a,b) ‘
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 6
Assume that f is twice differentiable on an interval (a,b) and that
f"(z) >0 forall z € (a,b).

Prove that f is concave up on (a,b).
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 6 - Solution

To show that f is concave up on (a,b), we must prove that the derivative f’(x) is increasing on (a,b).

Let x1, 29 € (a,b) with 21 < x9. Since f is twice differentiable on (a,b), the function f’ is differentiable
on (a,b) and therefore continuous on [z1, z2].

Apply the Mean Value Theorem to f’ on the interval [z, zs]. There exists a number ¢ € (z1,z2) such

that , ,
f”(c) _ / (55'2) —f (xl)

To — T
By assumption, f”(¢) > 0 and since 25 — z1 > 0, it follows that

f'(@2) = (1)

To — X1

> 0.

Multiply both sides by x5 — x1:
f'(x2) — f'(a1) > 0.

Thus,
f'(@2) > f'(z1).

Since this holds for all 1 < z2 in (a,b), the derivative f’(x) is increasing on (a,b).

Therefore, the function f is concave up on (a,b).

’ f is concave up on (a,b) ‘
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 7
Assume that f is twice differentiable on an interval (a,b) and that
f(xz) <0 forall z € (a,b).

Prove that f is concave down on (a, b).
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 7 - Solution

To show that f is concave down on (a,b), we must show that the derivative f’(x) is decreasing on (a,b).

Let x1, 29 € (a,b) with 21 < x9. Since f is twice differentiable on (a,b), the function f’ is differentiable
on (a,b) and therefore continuous on [z1, z2].

Apply the Mean Value Theorem to f’ on the interval [z, zs]. There exists a number ¢ € (z1,z2) such

that , ,
f”(c) _ / (55'2) —f (xl)

To — T
By assumption, f”(c) < 0, and since x5 — x1 > 0, it follows that

f'(@2) = (1)

To — X1

< 0.

Multiply both sides by x5 — x1:
f'(x2) — f'(a1) <0.

Thus,
f(@2) < f'(z1).

Since this holds for all 1 < z2 in (a,b), the derivative f’(x) is decreasing on (a,b).

Therefore, the function f is concave down on (a,b).

‘ f is concave down on (a,b) ‘
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 8
Assume that f is differentiable on an open interval I containing a, and that
f(a)=0 and 1" (a) > 0.

Prove that f has a strict local minimum at z = a.
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 8 - Solution
By the definition of the second derivative and f/(a) = 0,

. fla+h) .,

lim 22T g,

e h /)

Because this limit is nonzero, the quotient has the same sign as f”(a) for all sufficiently small nonzero h.

Consequently, f/'(a+ h) < 0 for negative h and f’(a + h) > 0 for positive h. Thus f is strictly decreasing
just left of a and strictly increasing just right of a, by the Mean Value Theorem.

Therefore f has a strict local minimum at a. No continuity assumption on f” near a is needed.
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 9
Assume that f is continuous on [a, b], differentiable on (a,b), and that
f(x)=0 forall z € (a,b).

Prove that f is constant on [a, b].
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 9 - Solution
Let x1, 29 € [a,b] with 21 < 2. We will show that

fla1) = flx2).

Since f is continuous on [z, z2] and differentiable on (z1,x2), the Mean Value Theorem applies. Thus,
there exists a number ¢ € (21, z3) such that

f/(c) _ f(xQ) - f(xl) )

T2 —T1

By assumption, f/(c¢) =0, so

0— f(372):f($1)_

Since xo — x1 # 0, it follows that
f(x2) — f(z1) =0.

Therefore,

fw2) = f(21).

Because 27 and x5 were arbitrary points in [a, b], we conclude that f(x) has the same value at every point
in the interval.

‘f is constant on [a, b ‘
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 10

Assume that f is differentiable on an open interval I containing a, and that
fflay=0 and  f"(a) <O.

Prove that f has a strict local maximum at z = a.
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Calculus 1 Section 7-4: Proofs of Derivative Applications Facts

Question 10 - Solution
By the definition of the second derivative and f/(a) = 0,

. fath)
lim ——— = .
e h /)
Because this limit is nonzero, the quotient has the same sign as f”(a) for all sufficiently small nonzero h.
Consequently, f/(a+ h) > 0 for negative h and f’(a + h) < 0 for positive h. Thus f is strictly increasing
just left of a and strictly decreasing just right of a, by the Mean Value Theorem.
Therefore f has a strict local maximum at a. No continuity assumption on f” near a is needed.
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 1

Assume that f is integrable on the interval [a,b] and that c is a constant. Prove that

/abcf(a:) d:c:c/abf(a:)dx.
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 1 - Solution

We prove this property using the definition of the definite integral in terms of Riemann sums.

Let P be a partition of [a, b]:
a=xg<x1<--<ITp =",

and let Ax; = x; — z;—1. Choose a sample point z} in each subinterval [z;_1,x].

A Riemann sum for f on [a,b] is

Z f(x) Az,
A Riemann sum for ¢f on [a,b] is

Z ) Az

Factor out the constant c:

z": Az = ch ) Ax;.

Now take the limit as the norm of the partition ||P|| — 0. Since f is integrable on [a, b], the limit of its

Riemann sums exists: . ,
lim f(x}) Az :/ flz)dx
i, 2 fa) @)

Therefore,
lim c ) Ax; = c/
HpMZ f(a)) A e

By definition of the definite integral, this limit equals

/abcf(x)dx

/abcf(:v)dx:c/abf(x)dx.
/abcf(x)dxc/abf(a?)dx

Hence,
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 2

Assume that f and g are integrable on the interval [a, b]. Prove that

/ab(f(x)+g(x)) dx:/abf(:c)der/abg(x)dx_
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 2 - Solution

We prove this property using Riemann sums.

Let
a=xg<x1<--<Tp,="b

be a partition of [a,b], and let Az; = z; — x;,_;. Choose a sample point =} in each subinterval [z;_1, z;].

A Riemann sum for f + g is

> (F@h) +g(a))) Az

i=1
Using algebra, split the sum:

n

Z(f( )+g( ))sz—z Amz"’Zg A331

=1 =1

Now take the limit as the norm of the partition || P|| — 0.
Since f and g are integrable on [a, b], the limits of both sums exist:

nzlalﬂozf A = / fl
b
IPH—>OZQ sz—/a g(z) dz.

/ab(f(x) +9(w)) dz = /abf(f) d:v+/abg(x) dz.
/ab(f+g)=/abf+/abg

Therefore,
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 3

Assume that f is integrable on [a, b] and that a < b. Prove that

/aaf(x)d:c =0.
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 3 - Solution

We use the definition of the definite integral in terms of Riemann sums.

Consider the interval [a,a]. Any partition of this interval consists of a single point:
a=2Tyg=221.

The width of the subinterval is
Ar=x1 —29g=a—a=0.
Choose any sample point z* in the interval [a, a].

A Riemann sum for f over [a,a] is
> fl@)Ax = f(z*)-0=0.

Since every Riemann sum over [a,a] equals 0, the limit of the Riemann sums exists and equals 0.

By definition of the definite integral,

/:f(m)dx =0.

/aaf(m)dxzo
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 4

Assume that f is integrable on [a,b]. Prove that

/abf(a:) do = —/baf(x) da.
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 4 - Solution

We use the definition of the definite integral in terms of Riemann sums.

Let
a=xg<x1<--<Tp,="b

be a partition of the interval [a, b], with subinterval widths
A.I‘i =T — Tj—-1-

A Riemann sum for f over [a,b] is

> fa)) Az,
i=1

Now consider the interval [b, a]. Reverse the order of the partition:
b=xp >Tp_1 > - >x0=a.

The corresponding subinterval widths are

Al‘; =Tij—1 — X; = 7A{Ei.
A Riemann sum for f over [b,a] is
Yo faDAci=)" fa))(-Az) = =) f(a]) Az
i=1 i=1 i=1

Take the limit as the norm of the partition goes to zero. Since f is integrable on [a, b], the limit exists:

/baf(z)da:/abf(x)dx.
/abf(x)d:c/baf(x)dx.

/abf(x)dx:—/baf(x)dx

Rewriting,
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 5
Assume that f is integrable on [a, ] and that
f(z) >0 forall z € [a,b].

Prove that

/abf(x)dmzo.
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 5 - Solution

We use the definition of the definite integral in terms of Riemann sums.

Let
a=xg<x1<--<Tp,="b

be a partition of the interval [a, b], and let
A.I‘i =T — Tj—-1-

Choose a sample point z} in each subinterval [x;_1, z;].

A Riemann sum for f on [a,b] is

> f(ap) Awy.

i=1
Since f(z) > 0 for all z € [a,b] and Az; > 0, each term in the sum satisfies
f(z7) Az; > 0.

Thus, every Riemann sum for f over [a, b] is nonnegative:

n

> fap) Az > 0.

i=1
Now take the limit as the norm of the partition || P|| — 0. Since f is integrable, the limit of the Riemann
sums exists and equals the definite integral:
n

b
/ f(@)de = lim 3 f(a) Az,

1
|P||—0 <
=1

Because every sum in the limit is nonnegative, the limit itself must be nonnegative.
Therefore,

f(x)dz > 0.

a

b
flz)dx >0

a
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 6
Assume that f and g are integrable on [a, b] and that
f(x) < g(x) forall z € [a,b].

/a  fa)de < / " @) da.

Prove that
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 6 - Solution

Define a new function
h(z) = g(z) — f(x).
Since f and g are integrable on [a, b], the function h is also integrable on [a, b].

From the assumption f(x) < g(z) for all = € [a, b], we have

h(z) =g(x) — f(z) >0 for all z € [a,b)].

By the positivity property of integrals,

/abh(x)dxzo.

Substitute back for h(x):
Use linearity of the integral:

Rearranging gives
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 7

Assume that f is integrable on [a,b]. Prove that

/:f(x)da:

< [(r@ia
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 7 - Solution

We begin with a basic inequality involving absolute values.

For all real numbers u, we have
—luf < u < ul.

Apply this inequality to f(x):

—[f(@)] < f(z) < [f(x)] forall z € [a,b].

Integrate each part of the inequality over [a, b]:

./abf(x)|dx§/abf(x)dazg/abv(x”dm

Simplify the left-hand integral:
b b b
- [ < [ f@ o< [ 17

This shows that the value of ff f(z) dz lies between — ff |f(2)] dz and ff |f ()] dz.

By definition of absolute value, this implies

/abf(x)dm
/abf(x)dx

< [vere.

< /ablf(:r)ldz
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 8
Assume that f is integrable on [a,b] and that ¢ satisfies
a<c<b.

/abf(x)da: _ /:f(x) dx+/cbf(a:) dz.

Prove that
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 8 - Solution

We prove this property using Riemann sums.

Let
a=xg <1< - <xTp=c<---<Tp=2b

be a partition of [a,b] that includes the point c.
Let
A.’Ei =i — Ti—-1

and choose a sample point =} in each subinterval [x;_1, z;].

A Riemann sum for f over [a,b] is

S f(a}) A,

i=1
Split this sum at c:

> fa)) Az = Zf A:clJer ) Az

=1 i=k-+1

The first sum is a Riemann sum for f over [a,c], and the second sum is a Riemann sum for f over [c, b].

Now take the limit as the norm of the partition || P|| — 0.
Since f is integrable on [a, b], it is integrable on both subintervals [a, ¢] and [, b].

Thus,
lim Az = /
I1PlI—0 ¢ Z fe f=
lim ) Ax; = /
IPll—0 Xk;rl fle f=
Therefore,
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 9
Assume that f is integrable on [a,b] and that there exists a real number m such that
f(x)>m forall z € [a,b)].

Prove that

b
/ f(z)dx > m(b—a).
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 9 - Solution

Define a new function
h(z) = f(x) —m.
Since f is integrable on [a, b] and m is a constant, the function h is also integrable on [a, b].

From the assumption f(x) > m for all = € [a, ], we have

h(z) = f(x) =m >0 for all z € [a,b].

By the positivity property of integrals,

Substitute back for h(x):

Use linearity of the integral:

/abf(x)dx/abmdxzo.

Since f: mdz = m(b — a), we obtain

b
/ f(z)dx —m(b—a)>0.

Rearranging gives
b

f(@)dz > m(b—a).

a

b
f(z)dx > m(b—a)

a
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 10

Assume that f is integrable on [a,b] and that there exists a real number M such that
f(z) <M forall z € [a,b].

Prove that b
/ F@)dz < M(b— a).
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Calculus I Section 7-5: Proof of Various Integral Properties

Question 10 - Solution

Define the function
h(z) = M — f(x).
Since f is integrable on [a,b] and M is a constant, the function h is also integrable on [a, b].

From the assumption f(x) < M for all z € [a,b], we have

h(z) =M — f(x) >0 for all = € [a,b].
By the positivity property of integrals,

/abh(x)dxzo.

Substitute back for h(x):

b
/ (M — f(z))dz > 0.

/abMdac/abf(z)da:EO.
b

Mdx = M(b—a),

a

Use linearity of the integral:

Since

we obtain ,

M®b—-a)— | f(z)dx>0.

a

Rearranging gives
b
fl@)dz < M(b—a).

a

b
flx)de < M(b—a)

a
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 1

Assume that f is a continuous, nonnegative function on the interval [a,b]. Prove that the area of the region
bounded by the graph of y = f(z), the z-axis, and the vertical lines 2 = a and = b is

A= /abf(x)dx.
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 1 - Solution

We interpret area using approximating rectangles.

Let
a=xg<x1<--<Tp,="b

be a partition of [a,b], and let
Aifi =T — Tj—1.

Choose a sample point z; in each subinterval [x;_1, z;].

Since f(z) > 0, the area of the rectangle over [z;_1, ;] with height f(x}) is
Area; = f(z}) Aw;.

The total area of all rectangles is
n

> flap) Az

i=1

As the partition is refined (that is, as ||P|| — 0), the rectangles better approximate the region under the
curve. Because f is continuous on [a, ], it is integrable, and the limit of these sums exists.

Taking the limit gives

. n b
i D st o = / f(x) da.

By definition, this limit equals the exact area of the region under the curve.

Therefore, the area of the region bounded by y = f(z), the x-axis, and = a, x = b is

A:/abf(:v)d:r.

A:/abf(x)dx
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 2

Assume that f is a continuous, nonnegative function on [a,b]. Prove that the volume of the solid obtained
by revolving the region bounded by y = f(z), the z-axis, and the lines = a and & = b about the z-axis is

b
V= 7r/ [f(2))? de.
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 2 - Solution

We approximate the solid of revolution using thin disks.

Partition the interval [a,b] as
a=xg<x1<--<xTp=0>,

and let Az; = z; — z;_;. Choose a sample point =} in each subinterval.
Over the interval [x;_1,z;], the graph of y = f(z) generates a disk when revolved about the z-axis.

The radius of this disk is
ri = f(x}).

Thus, the volume of the disk is

AV; = 702 Aa; = wlf (@) Aa.

The total volume of all disks is approximated by the sum

n

S alf ) Az,

=1

As the partition is refined and ||P|| — 0, this sum approaches the exact volume of the solid. Since f is
continuous, the limit exists.

Taking the limit yields
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 3
Assume that f and g are continuous functions on [a, b] with
f(x) > g(z) forall z € [a,b].

Prove that the area of the region bounded by the graphs of y = f(z) and y = g(x) from z = a to z = b is

b
A= / (f(z) = g(z)) da.
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 3 - Solution

We approximate the region using vertical rectangles.

Partition the interval [a,b] as
a=xg<x1<--<xTp=0>,

and let
Al’i =T — Tj—1.

Choose a sample point z; in each subinterval [x;_1, z;].

At the point z}, the height of the region between the curves is

Thus, the area of the corresponding rectangle is

AA; = (f(7) — 9(a})) Aa.

?

The total area of all rectangles is approximated by the sum
> (@) = g(a7)) A

i=1

As the partition is refined and || P|| — 0, these rectangles more accurately approximate the region between
the curves. Since f and g are continuous, the limit of the sums exists.
Taking the limit gives

b
A=t S (1) — glad)) An = [ (@) - gla) do-

lPll—0

b
A :/ (f(z) = g(z)) do
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 4

Assume 0 < a < b and that f is continuous and nonnegative on [a,b]. Prove that the volume of the solid
obtained by revolving the region bounded by y = f(z), the z-axis, and the lines x = a and x = b about the
y-axis is

b
V:27r/ x f(x) d.
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 4 - Solution

Take a partition a = 29 < -+ < x, = b and let m;, M; be the minimum and maximum of f on [z;_1,x;].
Since a > 0, the annular cylinders occupy disjoint radial intervals. Their volumes bound the desired
volume:

Zw(xf —2? )m; <V < Zw(xf —z2 |)M;.
i i
Let ¢; = (z; + m;_1)/2. Then n(2? — 2?2 ) = 2mwe; Az,
Uniform continuity of f makes max;(M; —m;) — 0 as the mesh tends to zero, so the difference between
the upper and lower bounds tends to zero.

Both bounds approach the Riemann integral of 27z f(z). Hence

b
V= 27r/ xf(z)dx.
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 5

Assume that f is a continuous, nonnegative function on [a,b]. Prove that the volume of the solid obtained
by revolving the region bounded by y = f(z), the z-axis, and the lines = a and & = b about the z-axis is

b
V= 7r/ [f(2))? de.
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 5 - Solution

We derive the formula using the idea of approximating the solid with thin disks.
Partition the interval [a,b] into subintervals
a=xg<x1 < -<xp =",
and let
AiL’i =T; — Tj—1.
Choose a sample point z} in each subinterval [x;_1, z;].

Over a small interval [z;_1,x;], the graph of y = f(x) is approximately constant at height f(z}). When
this vertical strip is revolved about the z-axis, it forms a thin circular disk.

The radius of the disk is
ri = f(x}).

The area of the circular face of the disk is

Ay = mr? = 7[f (x>

K2

Since the thickness of the disk is Ax;, its volume is approximately

AV; = 7[f(z])]? Ax;.

Adding the volumes of all disks gives an approximation to the total volume:

n

> mlf @) A,

=1

As the partition is refined and the maximum subinterval length approaches zero, these disks more accu-
rately fill the solid. Because f is continuous on [a, b], the limit of the sum exists.

Taking the limit yields
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 6
Assume that f and g are continuous functions on [a, b] with
f@)>g(x) >0 forall xz € [a,b)].

Prove that the volume of the solid obtained by revolving the region bounded by y = f(z), y = g(z), and the
lines = a and = = b about the z-axis is

b
Ver [ (F@F - o)) da.
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 6 - Solution

We derive the formula using washers (disks with holes).

Partition the interval [a,b] as
a=xg<x1<--<xTp=0>,

and let
Aifi =T — Tj—1.

Choose a sample point z; in each subinterval [x;_1, z;].
Over a small interval near z}, the region between the curves has an outer radius
R; = f(z)
and an inner radius
ri = g(x7).
When this vertical strip is revolved about the z-axis, it forms a thin washer.

The area of the outer disk is
R = nlf(z))]2,

and the area of the inner disk (the hole) is

Thus, the area of the washer is
m([f ()] = lg(@))]?).

Multiplying by the thickness Ax;, the volume of the washer is

AV, = 7 ([f @) - [g(a})P) Aas.

Adding the volumes of all washers gives an approximation to the total volume:

n

Yo @))? = lg(@))]?) Az,

=1

As the partition is refined and || P|| — 0, the washers fill the solid more accurately. Since f and g are
continuous on [a, b], the limit of the sum exists.
Taking the limit yields

V= i S r(GHE - oGP An = 7 [ (@ - b@)) d.

IlPll—0
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 7

Prove that the area of a circle of radius R is
A=rmR2
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 7 - Solution

We derive the area formula using integration.

Consider a circle of radius R centered at the origin. Its equation is
22 442 = R

Solving for y gives the upper semicircle:
y =1V R?— a2

The area of the entire circle is twice the area of the upper semicircle:

R
A=2/ vV R? — 22 dx.
R

To evaluate the integral, use the substitution
= Rsinf, dx = Rcosfdb.

When x = —R, § = —F, and when z = R, 6 = 7.
Substitute into the integral:

R w/2
/ VR? — z2dx = V' R? — R2sin? 0 (R cos 0) df.
—R —m/2
Simplify:
R2(1 —sin®0) = Rcos¥.
Thus,
R w/2
/ \/Rz—x2dx=/ R?cos? 6 df.
—R —m/2
Use the identity
cos? ) — 1+ cos(29)'
2
Then
71'/2 R2 71'/2
/ R?cos?0df = — / (14 cos(26)) db.
—m/2 2 —m/2
Evaluate:
/2 /2
/ 1df =, / cos(20) df = 0.
—7/2 —7/2
So,

R 2
/ VR?—x2dr = R—w.
R 2

Finally, multiply by 2 to get the area of the full circle:

2
Az?o%ﬂszQ.
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 8
Prove that the volume of a right circular cylinder with radius R and height h is

V = 1R?h.
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 8 - Solution

We derive the volume formula using cross-sectional areas and integration.

Place the cylinder so that its base lies in the zy-plane and its axis is along the z-axis. Then the cylinder
extends from z =0 to = = h.

At any position z with 0 < & < h, a cross-section perpendicular to the z-axis is a circle of radius R.

The area of this circular cross-section is constant and equal to

A(x) = nR?.

The volume of the cylinder can be approximated by slicing it into thin slabs of thickness dz. Each slab

has volume approximately
dV = A(z)dx = nR? dx.

Adding the volumes of all such slabs gives

h
14 :/ 7R? dzx.
0

Since mR? is constant, evaluate the integral:

h
V = 1R? / dr = TR*[z)} = TR?h.
0

V =7R%h
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 9

Prove that the volume of a right circular cone with base radius R and height h is

V= %WR%.
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 9 - Solution

We derive the formula using cross-sectional disks and integration.

Place the cone so that its tip is at the origin and its base lies in the plane x = h. The axis of the cone
lies along the x-axis.

At a distance x from the tip, where 0 < z < h, the radius of the cone is determined by similar triangles.

Since the radius grows linearly from 0 to R over the height h, the radius at position x is

A cross-section perpendicular to the x-axis at position z is a circle of radius r(z). Its area is
2
R R?
Al)=7nr(@))P =7~z | =nr—52°
@) =P =7 (52) =7

An infinitesimal slice of thickness dx has volume

2

dV = A(z)dx = w%xz dz.

Integrate from x = 0 to x = h to obtain the total volume:

h 2
V:/ W%xde.
0

Factor out the constants:

2 rh
V= WR— 2% dx
h? Jo
Evaluate the integral:
h 31h h3
[l
0 0 3
Substitute back: ) 5
R h 1,
1
V= gszh
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 10

Prove that the volume of a sphere of radius R is
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Calculus 1 Section 7-6: Area and Volume Formulas

Question 10 - Solution

We derive the formula using the method of cross-sectional disks.

Place the sphere of radius R so that it is centered at the origin. Its equation is
® +y? 4 2% = R%

Fix a value of x with —R < z < R. A cross-section perpendicular to the z-axis is a circle whose radius
depends on .

Solving the equation of the sphere for y? + 22 gives
v 4 2% = R? — 22,

Thus, the radius of the cross-sectional disk at position x is

r(xz) = v R? — 22,

The area of this circular cross-section is

An infinitesimally thin slice of thickness dx has volume

dV = A(z)dx = n(R* — %) d.
Integrate from x = —R to z = R to obtain the total volume:

R
V= / 7(R? — x?) du.
-R

Factor out 7: R
V:W/ (R? — %) dx.
-R

Evaluate the integral:
/ R?dx = 2R3, / 22dr = —.
R 3

—R
Thus,
/R(Rz—xQ)d:c:2R3—2R3:4Rg
_R 3 3

Substitute back: .
4R 4 4
V =T T = §7TR

4

V = §7TR3
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Calculus I Section 7-7: Types of Infinity

Question 1

Prove that |
lim —% =,
T—00 T
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Calculus I Section 7-7: Types of Infinity

Question 1 - Solution

We compare the growth rates of the numerator and denominator.

For z > 0, both Inz and z are differentiable. Apply L’Hdpital’s Rule to the limit

. lnz
lim —.
r—o0 I
Differentiate the numerator and denominator:
d 1 d
—(1 = - —_— =1.
dz (Inz) x’ dx ()
Thus,
1 1 1
lim nr_ lim ﬁ: lim —.
T—00 I R | T—00 I
From basic limits,
lim — =0
T—00 I
Therefore,
|
lim —2 =
T—00 I
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Calculus I Section 7-7: Types of Infinity

Question 2

Prove that

n

lim — =0 for any positive integer n.
rz—o0 el
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Calculus I Section 7-7: Types of Infinity

Question 2 - Solution

We compare the growth rates of the polynomial ™ and the exponential function e*.

Both ™ and e® are differentiable for all real . Apply L’Hopital’s Rule repeatedly to the limit

Differentiate the numerator and denominator once:

d d
%(:c") =nz" !, . (e%) = €.
Thus,
n n—1
lim — = lim ne
rz—o0 el T—00 e’

Apply L’Hopital’s Rule again. After n applications, the numerator becomes a constant:

Since e® grows without bound as x — oo,

Therefore,
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Calculus I Section 7-7: Types of Infinity

Question 3

Prove that

1
lim \/x2—|—z—x:§.

r—00
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Calculus I Section 7-7: Types of Infinity

Question 3 - Solution

We begin by algebraically simplifying the expression.

Vx4 -z

Consider

Multiply and divide by the conjugate:

5 x_f_(\/x2+:c—z)(\/x2+x+x)
Ve Nz |

Simplify the numerator:
(22 +x) — 2 = 2.

Thus,

x
Vatdr—r= ——mu-——.
Vit +ao

Factor x out of the square root in the denominator:

1
vVai+r=x/14+ —.
x

Substitute:
T B T
o J1+1 42 x( 1+%+1)
Cancel z:
1
1+1+1
Now take the limit as x — oo:
1 1 1

lim

1
2

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 7-7: Types of Infinity

Question 4

Prove that

lim (a:— vV x? —31:) = g

r—00
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Calculus I Section 7-7: Types of Infinity

Question 4 - Solution

We simplify the expression using algebraic manipulation.
Consider

x — Va2 — 3z
Multiply and divide by the conjugate:

a3 — (x — Va2 = 3z)(z + Va2 — 3x)
v s = T +Vzx2 —3x )

Simplify the numerator:

2? — (2 — 3z) = 3a.
Thus,

3
r— Va2 -3z <

o4+ V22 =3z
Factor x out of the square root in the denominator:

\/x2—3x:x\/1—%

3z

- 3
r4z/1-2 14,/1-2

Substitute into the expression:

Now take the limit as x — oo:

T 3 3 3
1m = = —.
;c—>ool+ 1_% 1+\/I 2

3
2
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Calculus I Section 7-7: Types of Infinity

Question 5

Prove that

lim (\/x2+5m— \/:1:2—1—:1:) =2.
T—r00
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Calculus I Section 7-7: Types of Infinity

Question 5 - Solution

We simplify the expression by factoring out = from each square root.

Consider

Va2 + 5z — /22 + 2.

Factor z? inside each square root:

Since z > 0 for large x, this becomes

5 1
x<\/1+—\/1+>.
x x
Multiply and divide by the conjugate:

(Vi+2-y1+1) (\/1+§+\/1+§).

() (+2)-2

x -

Simplify the numerator:

Thus the expression becomes

4 4
T - = :
Ji+tE+1+L iese 14l

Now take the limit as z — oo:

lim

4 4,
T—00 /1+§+ /1+l_1—|—1_'

© 2026 Stem-Master.com, All rights reserved.



Calculus I Section 7-7: Types of Infinity

Question 6

Prove that

lim (\/:1724—433—1—1—30) = 2.

T—00
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Calculus I Section 7-7: Types of Infinity

Question 6 - Solution

Start with the expression
Vri+dr+1-—zx.

Multiply and divide by the conjugate:

il — o= (\/x2+4x+1—x)(\/x2+4x+1+m).
V2 +dr+1+z

Simplify the numerator:
(2 +4x+1) —2® =4 + 1.
Thus,

4 1
Vai+de+1—2a = i )
Vri+dr+1+2

Factor x from the square root in the denominator:

4 1
Vatt+dr+1=mx/1+ -+ —.
xr  x

Substitute:
dr +1 B 4+
o1+ 4+ L +o 1+24+ L 41
Take the limit as x — oo:
4+ 1 4

lim = = =2
e ity Ly 1L
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Calculus I Section 7-7: Types of Infinity

Question 7

Prove that

lim z(\/acQ +1 —x) =

T—r00
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Calculus I Section 7-7: Types of Infinity

Question 7 - Solution

Begin with the expression

az:(\/gc2 +1- m)
Factor the expression inside the parentheses using a conjugate:
/79624_1_%:(\/x2+1—m)(\/1:2—|—1+a:):(x2+1)—x2: 1 .
Va4 142 Va?+1+a 2+ 1+x
Substitute this back: "
z(Va2+1-—z) = NEES TS

Factor x out of the square root in the denominator:

1
\/x2+1:xq/1+—2.
X
T B 1
o\ 1+5+z 1+ 5 +1

1 1 1
lim

1
2

Thus

)

Now take the limit as z — oo:
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Calculus I Section 7-7: Types of Infinity

Question 8

Prove that
lim (In(z+1) —Ilnz) =0.

T—00
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Calculus I Section 7-7: Types of Infinity

Question 8 - Solution

Combine the logarithms using logarithmic properties:

In(x+1) —lnx —1n<x+1> .

T

Rewrite the fraction:

1 1
T+ 42
T x
Thus, the expression becomes
1
In (1 + ) .
T
Now take the limit as x — oco. Since
lim — =0,
T—00 I

and the natural logarithm function is continuous at 1, we obtain
) 1
lim ln(l + ) =In(1) =0.
T—r00 X

[0]
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Calculus I Section 7-7: Types of Infinity

Question 9

Prove that
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Calculus I Section 7-7: Types of Infinity

Question 9 - Solution

We compare the growth rates of the logarithmic function and the power function.

Both Inz and /x are positive and differentiable for x > 0. Apply L’Hopital’s Rule to the limit

. Inz
lim —
T—00 /2
Differentiate the numerator and denominator:
d 1 d 1
lirg| . el -
d (Inz) x’ dx(ﬁ) 2/
Thus,
1 1 2
lim ar_ lim %: lim v
Simplify:
2\/x 2
r Az
Since
. 1
lim — =0,
x—00 /o
it follows that 9
lim — =0.
e NG
Therefore,
|
lim —2 =0
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Calculus I Section 7-7: Types of Infinity

Question 10

Prove that
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Calculus I Section 7-7: Types of Infinity

Question 10 - Solution

Let

8

Lzlim( ) .

Take the natural logarithm:

InL = lim :Eln( ac
r+1

r—00

m(:ﬂf—l) (H;) ( 91:>

InL = — lim xln<1—|— 1) .

T—00 x

. 1
lim xln(l + ) .
L£—00 T

1
lim M

Tr— 00 l
x

Rewrite the logarithm:

Thus,

Consider the limit

Rewrite it as a quotient:

This is an indeterminate form %, so apply L’Hopital’s Rule.

Differentiate numerator and denominator:

LN AT S NG AU
dz r) z(x+1) de \z) a2’

Thus,
In(1+ 41 ps ;1 2
lim (196):1 et _ T - z -
Therefore,
InL=-1
Exponentiating both sides:
1
L=e¢t==-.
e
1
e
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Calculus 1 Section 7-8: Summation Notation

Question 1

Prove that for any positive integer n,

~n(n+1)
D k==

k=1

n
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Calculus 1 Section 7-8: Summation Notation

Question 1 - Solution

We prove the formula using mathematical induction.

Base Case:
For n =1,

> k=1, a+y

1
2

k=1

Thus, the formula holds for n = 1.

Inductive Hypothesis:
Assume that for some positive integer n,

Zn: b n(n + 1)‘
2
k=1

Inductive Step:

Consider the sum up to n + 1:
n+1 n
k=) k+(n+1).
k=1 k=1

Using the inductive hypothesis,

Factor out (n 4+ 1):

n+1
+2
d k=(n+1) (%+1> :(n+1)n2 :
k=1
Thus,
ni’f* (n+1)(n+2)
k=1 2

This matches the given formula with n replaced by n + 1.

By mathematical induction, the formula holds for all positive integers n.

. n(n+1)
N
k=1
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Calculus 1 Section 7-8: Summation Notation

Question 2

Prove that for any positive integer n,

~ , nn+1)(2n+1)
;k = : :
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Calculus 1 Section 7-8: Summation Notation

Question 2 - Solution

We prove the formula using mathematical induction.

Base Case:
For n =1,
1
d =1 =1,
k=1
and

1(1+1)(2-1+1)7§71
6 6

Thus, the formula holds for n = 1.

Inductive Hypothesis:
Assume that for some positive integer n,

Inductive Step:
Consider the sum up to n + 1:

n+1 n
SR =D K4 (n+1)%
k=1 k=1

Using the inductive hypothesis,

n+1

1)(2 1
Yozt )6( L Y]
k=1

Factor out (n 4+ 1):

n+1
Zk2:(n+1)(n(2n+l)+(n+1)).

Combine terms inside the parentheses:

n2n+1)+6(n+1) 202 +7n+6  (2n+3)(n+2)
6 B 6 B 6 '

Thus,

s s (m+D(n+2)(2n+3)
kj =
;

6

This matches the given formula with n replaced by n + 1.

By mathematical induction, the formula holds for all positive integers n.

6

L, nn+1)2n+1)
E kj =
k=1
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Calculus 1 Section 7-8: Summation Notation

Question 3

Prove that for any positive integer n,
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Calculus 1 Section 7-8: Summation Notation

Question 3 - Solution

We prove the formula using mathematical induction.

Base Case:
For n =1,

1
Y =1"=1 (1(1+1)>2:1
k=1 ’ 2

Thus, the formula holds for n = 1.

Inductive Hypothesis:
Assume that for some positive integer n,

- ()

Inductive Step:
Consider the sum up to n + 1:

n+1 n
DR ="K+ (n+1)
k=1 k=1

Using the inductive hypothesis,

Factor out (n + 1)
- ’n,2
SR = (n+1)? <4+n+1> .

Combine terms:
n*+4n+4  (n+2)?
4 4

Thus,
n+1

n+ 2)? n+1)(n+2)\2
Sy <+4>:<<+>2(+>>

This matches the given formula with n replaced by n + 1.

By mathematical induction, the formula holds for all positive integers n.

Zk3 ( n—i—l))
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Calculus 1 Section 7-8: Summation Notation

Question 4

Prove that for any positive integer n,
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Calculus 1 Section 7-8: Summation Notation

Question 4 - Solution

We prove the identity using mathematical induction.

Base Case:
For n =1,
1
k-1 =2(1)-1=1,
k=1
and

12 =1
Thus, the statement holds for n = 1.

Inductive Hypothesis:
Assume that for some positive integer n,

i 2k —1)
k=1

Inductive Step:
Consider the sum up to n + 1:

n+1 n

S @k-1)=> @2k-1)+ (2(n+1)-1).

k=1 k=1
Using the inductive hypothesis,

n+1
> (2k—1)=n*+(2n+1).
k=1
Simplify:
n*4+2n+1=(n+1)>2

Thus,
n+1

> (2k—1)=(n+1)%

k=1
This matches the given formula with n replaced by n + 1.

By mathematical induction, the identity holds for all positive integers n.

k:l
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Calculus 1 Section 7-8: Summation Notation

Question 5

Prove that for any positive integer n,

n

1
Y 3k +2) = %—FQW
k=1
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Calculus 1 Section 7-8: Summation Notation

Question 5 - Solution

We prove the identity using properties of summations.

Start with the given sum:
n

> Bk +2).
k=1
Split the sum using linearity:
n n n
D Bk+2)=> 3k+> 2
k=1 k=1 k=1

Factor out constants:

3
3
3

k=1 k=1 k=1
Use known summation formulas:
n n
1
k=" S
k=1 k=1
Substitute these results:
- 1
(3k +2) = “("; ) 4 om
k=1
Thus,
n
1
(3k+2) = 3”(n2+ ) 4 on
k=1
n
1
(3k +2) = 3”(”2+ ) 4 on
k=1
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Calculus 1 Section 7-8: Summation Notation

Question 6

Prove that for any positive integer n,
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Calculus 1 Section 7-8: Summation Notation

Question 6 - Solution
Write out the first few terms of the sum:

() =2+ (6-5) + (-9)+

k=1

(-751)
+{—— .
n n+1

Notice that consecutive terms cancel:

1
n—+1
Simplify:
1 n
_n+1_n+1
z”:<1 1 ) n
= k k+1 n+1
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Calculus 1 Section 7-8: Summation Notation

Question 7

Prove that for any positive integer n,

i 1 n
k(k+1) n+1

k=1
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Calculus 1 Section 7-8: Summation Notation

Question 7 - Solution

Begin by rewriting the general term using partial fractions.

For each k > 1,

Substitute this into the sum:

Write out the first few terms:
LoDy (oY 1oy,
2 2 3 3 4

All intermediate terms cancel, leaving

1 1
+({=- .
(n n—l—l)

Simplify:
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Calculus 1 Section 7-8: Summation Notation

Question 8

Prove that for any positive integer n and real number r # 1,

,r.n+1

Zrk: 1—r

k=0
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Calculus 1 Section 7-8: Summation Notation

Question 8 - Solution

Let

S:Zrk:1+r+r2+~-+r”‘
0

n

Multiply both sides by 7:
rS=r+r24+rd4.. 4t
Subtract the second equation from the first:
S—rS=0+r+r2 4+ +r") = (r4+r2 - Fr".
All intermediate terms cancel, leaving
S—rS=1-—r""

Factor the left-hand side:
(1-r)S=1- ot

Since r # 1, divide both sides by 1 —r:

g 1—pntl
1—r
Thus,
1—r
k=0
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Calculus 1 Section 7-8: Summation Notation

Question 9

Prove that for every positive integer n,

2Tl

k=1
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Calculus 1 Section 7-8: Summation Notation

Question 9 - Solution

For every k > 1,
k _1 1
E+1 kE+1

Summing all n terms gives

"k "1

Equivalently, the result is n 4+ 1 — H,, 41, where H,, 11 = Z;;rll 1/5.
For n = 1, both sides of the corrected identity equal 1/2.
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Calculus 1 Section 7-8: Summation Notation

Question 10

Prove that for any positive integer n,

3
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Calculus 1 Section 7-8: Summation Notation

Question 10 - Solution

Write both sums explicitly:

1—1+1+1+ +
E 2 3 n’
k=1
LI S S
k+1 2 3 4 n+1

Subtract the second sum from the first:

U I [ i
2" 3 n 23 n+1)"

All common terms cancel:

1 1 1 1
37270 37370

Only the first term of the first sum and the last term of the second sum remain:

1 1
n+1
Thus,
1 - 1 !
k:lk k:1k+1 n+1
1
1—
n+1
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Calculus I Section 7-9: Constant of Integration

Question 1

Suppose that F' and G are antiderivatives of the same function f on an interval I. Prove that there exists a

constant C' such that
F(z)=G(x)+C forallzel.
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Calculus I Section 7-9: Constant of Integration

Question 1 - Solution
Since F' and G are both antiderivatives of f on I, we have
F'(z) = f(z) and G'(z)= f(z) forallxz el

Consider the function

Differentiate H(x):
H'(z)=F'(z) —G'(z) = f(z) — f(x) =0 forallzel.

Thus, the derivative of H is zero on the interval I.

From the result that a function with zero derivative on an interval is constant, there exists a real number
C such that
H(z)=C forallzel.

Substituting back for H(z) gives

Rewriting,
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Calculus I Section 7-9: Constant of Integration

Question 2

Suppose that F'(z) = 0 for all z in an interval I. Prove that F is constant on I.
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Calculus I Section 7-9: Constant of Integration

Question 2 - Solution
Let 21,29 € I with x1 < x2. We will show that

F(.Il) = F(IL'Q)

Since F'(xz) = 0 for all = € I, the function F is differentiable on I and continuous on the closed interval
[171, $2] .

By the Mean Value Theorem, there exists a number ¢ € (z1,z2) such that
F(x2) — F(x1)

F'(¢) = —=>——~—=~.
(©) g

But F’(c) = 0 by assumption, so
F(Jfg) — F(Jil)

T2 —T1

0=

Since xo — x1 # 0, it follows that
F(:ZEQ) - F(Il) =0.
Thus,
F(LUQ) = F(!El)

Because z1 and x5 were arbitrary points in I, the function F' has the same value at every point of I.

‘F is constant on I ‘
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Calculus I Section 7-9: Constant of Integration

Question 3
Let f be a continuous function on an interval I. Suppose that

/f(:c)d:L':F(m)JrCl and /f(x)dx:G(:):)JrC’Q

are two indefinite integrals of f. Prove that

F(z) — G(x) = constant.
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Calculus I Section 7-9: Constant of Integration

Question 3 - Solution
Since both expressions represent antiderivatives of f, we have
F'(z) = f(z) and G'(z)= f(z) forallxz el

Consider the difference of the two functions:

Differentiate H(x):
H'(z)=F'(z) - G'(z) = f(z) — f(x) =0 forallzel.

Thus, the derivative of H is zero on the interval I.

From the Mean Value Theorem, a function whose derivative is zero everywhere on an interval must be
constant. Therefore, there exists a real number K such that

H(z)=K foralxzel.

Substituting back for H(x) gives
F(z) - G(z) = K.

‘F(x) — G(x) = constant ‘
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Calculus I Section 7-9: Constant of Integration

Question 4
Suppose that f is continuous on an interval I and that
F'(z) = f(z) forallzel.

Show that every solution of the differential equation

has the form

for some constant C.
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Calculus I Section 7-9: Constant of Integration

Question 4 - Solution

Let y be any solution of the differential equation

on the interval I.
Since F'(x) = f(z) and y'(z) = f(x) for all z € I, we have
y'(z) — F'(x) =0 forallzel.

Consider the function

Differentiate H (z):
H'(z)=1vy'(z) — F'(x) =0 foralzel.

Thus, H'(z) =0 on I.

By the result that a function with zero derivative on an interval is constant, there exists a real number

C' such that
H(z)=C forallzel.

Substituting back gives

y(x) - F(z) = C
Rewriting,
y=F(z)+C
y=F(x)+C
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Calculus I Section 7-9: Constant of Integration

Question 5

Suppose that f and g are continuous on a nondegenerate interval I, that a € I, and that

/f(t)dt:/ g(t)dt forallx €.

Prove that
flz) =g(z) forallzel.
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Calculus I Section 7-9: Constant of Integration

Question 5 - Solution

Set F(z) = [ f(t)dt and G(z) = [ g(t) dt.
The hypothesis gives F' = G on I. At every interior point x of I, continuity of both integrands allows
the Fundamental Theorem of Calculus:
flz) = F'(z) = G'(z) = g().

At an included endpoint, take limits from the interior and use continuity of f and g. Thus

’f(x) =g(x) forevery x € I. ‘
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Calculus I Section 7-9: Constant of Integration

Question 6
Let f be continuous on an interval I, and fix one antiderivative F'. Write the general antiderivative as
y(z) = F(z) + C.

Show that the condition
y(xo0) = Yo, zo €1,

uniquely determines C.
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Calculus I Section 7-9: Constant of Integration

Question 6 - Solution

Fix an antiderivative F' of f on I. Every other antiderivative has the form y(x) = F(z) + C.
Tmposing y(zo) = yo yields F(zg) + C = yq, so

‘Czyo—F(xo)‘

This value is unique because F', xg, and yq are fixed.
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Calculus I Section 7-9: Constant of Integration

Question 7
Suppose that f is continuous on an interval I and that
/ F(t)dt = Fz) + C

for some constant C'. Show that choosing a different lower limit b € I changes the antiderivative only by a
constant.
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Calculus I Section 7-9: Constant of Integration

Question 7 - Solution

Consider the two functions

R = [ fod R@= [ o
a b
Both F} and F, are antiderivatives of f on I by the Fundamental Theorem of Calculus.

Evaluate the difference between them:
Fila) = Folw) = [ seya= [ fyar
a b

Using properties of definite integrals,

/;f(t)dt—/bxf(t)dt:/abf(t)dt.

The right-hand side is a fixed real number that does not depend on .

Therefore,
Fy(x) — Fy(x) = constant.

This shows that changing the lower limit of integration alters the antiderivative only by an additive
constant.

/“’ f(t)dt = /bf f(t) dt + constant
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Calculus I Section 7-9: Constant of Integration

Question 8

Suppose that f is continuous on an interval I and that
/f(:v) de = F(z)+ C.

Prove that if
F'(z)=0 forallzel,

then

/ F(2)dz = C.
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Calculus I Section 7-9: Constant of Integration

Question 8 - Solution

Since

the function F(z) is an antiderivative of f.

Given that
F'(z)=0 forallzel,

it follows from the Mean Value Theorem that F' is constant on the interval I.

Thus, there exists a real number K such that
Fz)=K forallzel.
Substitute this into the expression for the indefinite integral:
/f(ac)dx:K—&-C.
Since K + C' is itself a constant, we may write

/f(l) dr =C'".

Therefore, if the derivative of an antiderivative is zero on an interval, the indefinite integral reduces to a
constant.

/f(:c) de = C
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Calculus I Section 7-9: Constant of Integration

Question 9

Suppose that f is continuous on an interval I and that
/f(:v) de = F(z)+ C.

Show that if two antiderivatives of f agree at a single point, then they are identical on the entire interval.
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Calculus I Section 7-9: Constant of Integration

Question 9 - Solution
Let F' and G be two antiderivatives of f on the interval I. Then
F'(z) = f(z) and G'(z)= f(z) forallxz el
Assume that there exists a point xg € I such that

F(ﬁo) = G(xo)
Consider the function

Differentiate H(x):
H'(z)=F'(z) — G'(z) = f(z) — f(x) =0 forallz e I
Thus, H has zero derivative on I, so H is constant on I. That is,

H(zx)=K forallzel.

Evaluate H at xg:
H(.’L‘o) = F(.’L’()) — G(.’Bo) =0.

Hence, K = 0, and therefore
F(z) —G(x) =0 forallzel.

This implies
F(z)=G(z) forallzel.
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Calculus I Section 7-9: Constant of Integration

Question 10
Suppose that f is continuous on an interval I and that
/f(:v) de = F(z)+ C.

Show that the family of curves
y=F(z)+C

consists of vertical translations of a single curve.
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Calculus I Section 7-9: Constant of Integration

Question 10 - Solution
Consider two members of the family of antiderivatives:
y1 = F(z) + Cy, y2 = F(z) + Co,

where (7 and Cy are constants.

Subtract the equations:

yg—yl:(F(I)+02)—(F(x)+01):CQ—CI.

The difference Cy — C is a constant independent of x. Thus, for every value of x, the vertical distance
between the two curves is the same.

This means that changing the constant of integration does not alter the shape of the graph, but only
shifts it upward or downward by a fixed amount.

Therefore, the family of functions
y=F(z)+C

represents all vertical translations of a single curve.

Different values of C' produce vertical shifts of the same graph
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